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This is the revised version of my thesis at the University of Tsukuba and is a compilation 
of three separate studies. I shall make an excuse for the awful title “Relative invariants, 
difference equations, and the Picard-Vessiot theory”. Though usually a doctoral thesis is 
expected to be written in one theme, I could not go this way for institutional reason. To 
be accepted, I needed to include at least one topic of a paper which had been accepted to 
publication in a refereed journal. But, when applying for the degree, the paper “Picard- 
Vessiot extensions of artinian simple module algebras” (see Part 3) was not accepted yet 
(it was accepted just after I submitted the application for the degree). Hence I needed to 
include contents of Part 1, and finally I compiled the thesis into three parts to show how 
my capricious interest had been changed. 
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Part 1. An equivariant map from {SL^ x GL 4 , (A^C^) ® C^) to (GL 4 , Sym^(C"‘)) 

Introduction of Part [U 

In this part, we construct an equivariant polynomial map from {SL^ x GL4, (A^C^) ® 
C"^), the prehomogeneous vector space of quadruples of quinary alternating forms, to 
another prehomogeneous vector space (G'L 4 , Sym^(C"^)) of quaternary quadratic forms. 
The presented result was obtained by Kogiso, Fujigami, and the author pQ to get an 
expression of the irreducible relative invariant of the former space explicitly. (Though it 
is known that the irreducible relative invariant is a homogeneous polynomial in degree 
40 and it can be computed as the determinant of a certain 40 x 40 matrix by [TJ §4, 
Proposition 16], our purpose was to give a more effective calculation.) Then I heard 
that the equivariant map had further importance as follows. For a field k in general, the 
structure of the space {SL^ x GL^, (A^/c^) ® has an arithmetic significance by reason of 
the correspondence between its non-singular orbits and isomorphism classes of separable 
quintic fc-algebras (see 0 ). Kable [S, Theorem 5.7] listed all equivariant polynomial maps 
from this space to any other prehomogeneous vector space and showed those maps could 
be obtained from two maps; the map presented here is one of the two. Such equivariant 
maps seem to be used in [H |5] for arithmetic purposes. 

Let Alt„ be the set of all skew-symmetric n x n complex matrices (i.e. Alt„ = {X G 
Mn{C) I = —A}). One sees that the C-vector space (A^C^)®C^ is isomorphic to Altf^. 
The space {SL^ x GL^, (A^C^) ® C^) is identified with {SL^ x GL 4 ,p = A 2 ® Ai, Altf"^) 
in which the representation p is defined by 

p{A,B) : (Xi,X2,X3,X4) ^ (AAiM, AX2M, AX3M, AX 4 *A )*5 

for (Xi, X 2 , X 3 , X 4 ) G Alt®^ and (A, B) G SL^ X GL4. Our construction of the equivariant 
map is inspired by the method treated in [ 6 l §3], constructing an equivariant map from 
(S'Ls X GL 3 , (A^C®) ® C^) to (GT 3 , Sym^(C^)). Especially a certain FTs-equivariant bi¬ 
linear form (3 : Alts ^ Alts C®, which is introduced originally in [ 2 ], plays an important 
role. As in PE], we define FTs-invariant polynomials on Altf^ by 

[zjfcH(^i,^2,X3,X4) := ^l3{Xi,X,)Xkl3{XuX^) 

for Xi, X 2 , X 3 , X 4 G Alts and i,j, k,l,m E {1, 2, 3,4}. Here each image of f3 is considered 
as a column vector. We identify Sym^(C'^) with the space of 4 x 4 symmetric matrices. 
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Then the equivariant map $ : Alt®^ ^ Sym^(C‘^), X ((/^^^(X)) will be defined like 

^st ^ ^ C^stijklmi'j^k'Um^^ijkllTl^^i j kl 771 ], 

where the coefficients Csujkimi'j'k'i'm' are determined snitably. 

In §1.11 we dehne the map (3 and the polynomials [ijfc/m], and describe some properties 
of them which are nsed to obtain the result. The equivariant map <h will be dehned in 
1 11.21 and we will show the equivariance and the surjectivity of <h (Proposition 11.2.11 and 
Theorem 11.2.21) . 


Notations. For oi, 02 , <^ 3 , 04 , £ G C, let diag(Q!i, 02 , 0 ^ 3 , 04 ) and be the following 
matrices: 
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diag(ai, 025 0 : 3 , 04 ) • — 


Let ©4 be the fourth symmetric group. In © 4 , a transposition between i and j is denoted 
by [i j). One sees each permutation a G ©4 is considered as the 4x4 matrix such that 
its (h j)-element is 1 or 0 with respect to i = a{j) or not. So we may apply for regarding 
one as the other. 


1.1. S'Ls-invariant polynomials on Altf^ 


In the beginning, we dehne a certain S'Ls-equivariant map (3 : Alts x Alts which 

is used in |21 E]- Let Pf be the Pfaffian on Alt 4 . For X G Alts and i = 1, • • ■ , 5, let Xh) 
denote the matrix in Alt 4 which is obtained by deleting Ath row and Ath column from 
X. For X = {xij),Y = {riij) G Alts, /3{X,Y) is dehned by 


P(X,Y) 


/ Pf(x« + F«) _ Pf(xb)) - Pf(y(i)) \ 
-(Pf(X( 2 ) + F( 2 )) - Pf(X( 2 )) - Pf(y( 2 ))) 

Pf(X® + F®) _ Pf(x(3)) - Pf(F(3)) 

-(Pf(X(4) + F(4)) - Pf(X(4)) - Pf(F(4))) 

\ Pf(x('5) + F(5)) _ Pf(x(5)) - Pf(y(5)) y 

^ X23yi5 — 2^242/35 + + 2/232^45 ~ y24X35 + 1/252^34 ^ 

2^341/51 ~ Xs^y^i + a;3il/4s + y34X5l — yzbX4l + I/312^45 

2^45?/12 — Xiiy^2 + a^42|/51 + 2/452^12 “ 1/413^52 + 1/423^51 

3^511/23 - X52yi3 + X^sy^ + y5lX23 “ 1/523^13 + 1/533:12 

\ 3:121/34 ~ 3:131/24 + 3:141/23 + 3:121/34 ~ 3:131/24 + 3:141/23 / 
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Then, for i, j, k,l,m E {1, 2, 3,4}, we define a polynomial [ijklm] on Alt®^ by 
for Xi,X 2 ,X 3 ,X 4 G Alts- They satisfy the following lemmas: 

Lemma 1.1.1 ([21 §2, Lemma]). For all i^j^kj.m E {1,2, 3,4}, the polynomial [iiklm] 
is invariant with respect to SL^, i.e. 

[ijklm]{AXM, AX 2 ^A, AX^^A, AXM) = [uTH(Xi, X 2 , X 3 , X 4 ) 

for all A E SL^. 

Lemma 1.1.2 ([21 §2, (4)]). If there are only one or two kinds of numbers among 
{i,j, then [ijklm] = 0 . 

Lemma 1.1.3 ([ 6 l Lemma 3.1]). For each i,j, k,l,m E (1, 2, 3,4}, 

(i) [ijklm] = [jiklm], [ijklm] = [ijkml], (ii) [ijklm] = —[Imkij], 

(hi) [ijklm] + [jkilm] + [kijlm] = 0 , (iv) [iiklm] = —2[kiilm], 

(v) [iikli] = —[iilki] = [iklii] = —[ilkii], (vi) [iiilm] = 0 , [ijkij] = 0 . 

Finally in this section, we consider the action of GL 4 on [ijklm]. GL^ is generated 
by the following three types of matrices: diag(ai, 0 : 2 , as, 0 : 4 ), permutation matrices, and 
E^. Thus we only need to think on these types. For B G GL 4 and P a polynomial on 
Alt®^, let denote the polynomial such that P^{X) = P(X^B). Diagonal matrices 
D = diag(Q:i, a 2 , 0 : 3 , 04 ) and a G ©4 act on [ijklm] by 

[ijklm]^ = aiajakaiam[jiklm], 

[ijklrnY = [o'~^{i)a~^{j)a~^{k)a~^{l)a~^{m)]. 

Since [ijklm] are multilinear forms, we see, for i,j,k,l,m E {2,3,4}, 

[ijklm]^^ = [ijklm], 

[lijkl]^^ = [lijkl] + e[2ijkl], 

[llijk]^'^ = [llijk] + 2e[12ijk] + e‘^[22ijk], 

[lltjlf^ = [lUjl] + e{2[12tjl] + [lDj2]) 

+e‘^{2[12ij2] + [22ijl]) + e^[22ij2], etc. 

1.2. Construction of the equivariant map 

Our first objective is to dehne a map <F : Alt®^ —>• Sym^(C"‘), X 1 —>• (y 9 st(X)), where 
each ifst is written like 

Fst ^ ^ Cstijklmi'j'k'Um' [ijklvTl] \j j k I Tfl ]. 


3 


Proposition 1.2.1. There exists a polynomial map $ : Alt®"^ —> Sym^(C'^) such that 

for X e Alt®^ and (A, B) e SL^ x GL^. 

First we observe that <F should be determined uniquely from pn and (^12 so that *h(X) 
is equivariant with respect to the action of ©4: 


(1-1) Tss = Til 

(s = 1 ,. 

• •,4), = 93^2 e © 4 ). 

Furthermore, (pi 2 should 

also be 

determined from pn. To obtain ^{p{A,Ef)X) 

Ee^{X)^Es (A G SLY)-! the polynomials ipst should satisfy at least the following: 

(1.2) 

Til 

= pii + 2epi2T e^p22, 

(1.3) 

T 22 

= T 22 , 

(1.4) 

Tsi 

= 

(1.5) 

Tn 

= ^^13 + ^T23,i 

(1.6) 

Tu 

= Tm- 

If we obtain (pn, then 9322 


and cpio will be determined from (|1.2|). 


Considering the action of diagonal matrices for *h(X), we start by assuming that each 
term [ijklrn\[i'j'k'Vm'] in 9311 is constructed by the following numbers: 

{h J, k, /, m, i', j', k\ m'} = {1,1,1,1, 2, 2, 3, 3,4,4}. 

But from Lemma 11.1.21 and Lemma 11.1.31 we need not to think on the all combinations 
of the above numbers. By choosing combinations and using the method of indeterminate 
coefficients, it is possible to determine the polynomial (pn so that the equations from fll.2p 
to fll.61) are satisfied. Indeed, we conclude that the following definitions are suitable: 

(pii := 160[31114](3[24132] - 2[21342] - 2[23412]) 

+ 160[41112](3[32143] - 2[34213] - 2[31423]) 

+ 160[21113](3[43124] - 2[41234] - 2[42314]) 

+50([11233] [11244] + [11322] [11344] + [11422] [11433]) 
-288([13241]2 + [14321]^ + [12431]^) 

+224([13241] [14321] + [14321] [12431] + [12431] [13241]), 
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V7i2 := 400[31114] [32224] 

-100([21113] [22344] + [21114] [22433]) 

-100([12223] [11344] + [12224] [11433]) 

+20[11422](4[31423] - [34213] - [32143]) 

+20[11322](4[41324] - [43214] - [42134]) 

-25([22144] [11233] + [11244] [22133]) 

+368 [13241] [23142] 

+112([13241]([21342] + [23412]) + [23142] ([12341] + [13421])) 

+ 192([14321] [23412] + [13421] [24312]) 

-208([14321] [21342] + [12431] [23412]). 

These polynomials satisfy the following properties: 

(i) If a G ©4 and cr(l) = 1, then = (pu, 

(ii) If (T G ©4 and {cr(l), cr( 2 )} = { 1 , 2 }, then (p ^2 = +i 2 - 

Then we dehne the map $ : Altf^ —>• Sym^(C'^), X i—( 93 st(-A)) so that (11.11) is satished; 
the well-dehnedness follows from (i), (ii). It is easily seen that cpst = and = 
(s)cr~^(t) for all (T G © 4 . 

Proof of Proposition Let D = diag(ai, 0 : 2 , cts, 0 : 4 ) and let A be an arbitrary element 

of SL^. Since = {aia 2 CX:iai)‘^aaCXtpst for all s, f G {1, 2, 3,4}, and each ipst is invariant 
with respect to S'Ls, we have 

^{p{A,D)X) = {AeiDfD^^XyD. 

By the dehnition, it follows 

^{p{A,a)X) = ((p.-i(,).-i(p(A)) = a4>(X) V 

for all a G © 4 . 

The rest of the proof is to show <h(p(A, E^)X) = Ee<I)(X) i.e. 

• +fl = +11 + 2£93i2 + £^+22; 

• pff = pff = Pit + £P 2 t for t = 2,3, 4, 

• Pft = Ptf = Pst for s,t = ‘2, 3,4. 
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Recall that we defined Lpst to satisfy the equations from fll.2l) to fll.61) (in fact, they are 
shown directly). By = E 2 e and fll.2l) . we have 

2 

^11 = + 4 £ ip22- 

On the other hand, by fll.21) and fjl.Sp . 

((^11 + 2e^pi2 + e:V22)®" 

Lpil + 2ei^i2 + s (P22 
Lpil + 2ei~Pi2 + 2£i~P^2 + 2£^i~P22- 



Therefore ipi 2 = ¥^12 + £‘^ 22 - Similarly by (11.51) . 



<y9i3 + 2£9?23 

9^13 + ^9^23 + ^‘^23- 


Hence (P 23 = ^ 23 - By fll.Sp and E^{3 4) = (3 4:)E^, we have 




13 ~ V^14 + ^9^24- 


Similarly by fll.dp . we have 


Ee(3 4) 
^^44 =^^33 


(3 4) 
¥^33 


(^44. 


Now the proof is completed. 


□ 


To prove that 4> is surjective, we only need to find five points in Alt®^ such that each 
image has rank 0,1, 2, 3,4. For 
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Therefore <h is surjective and especially det<h(X) 7 ^ 0 as a polynomial. This fact and 
Proposition 1 1.2■ 11 implies that det d’(X) is the relative invariant in degree 40. 

Theorem 1.2.2. (i) The map $ : Alt®^ —> Sym^(C"^) is surjective. 

(ii) f{X) = det$(X) is the irreducible relative invariant of the prehomogeneous vector 
space (S'Ls x GL 4 , A 2 ® Ai, Alt®^) in degree 40 corresponding to the rational character 
(detS)h 
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Part 2. Archimedean local zeta functions which satisfy Gm-primitive 
difference equations 

Introduction of Part [2] 


Let A be C or M, (G, p, P) a reductive prehomogeneous vector space defined over 
K, and Vk the set of A-rational points of V. Let Pi{x), - ■ ■ , Pr{x) be the basic relative 
invariants of (G, p, V) over K. For a Schwartz function <I)(x) on Vk and s = (si, ■ ■ • , s,,) G 
C^, the integral 

Zk{s,<!>)= f f[\P,{x)\^j^<!>{x)dx 
JVk 


is called the archimedean local zeta function associated with (G, p, P). When we take 
<h(a;) as 


. f exp(—271 (K = C) 

\ exp{—TTx^x) (A = M), 

Zk{s, <I)) is denoted by Zk{s) simply. 

In the case r = 1, Igusa suggested in [6l §3, Remark] and proved in O Chapter 6] the 
following theorem: 


Theorem (Igusa). Let P be the basic relative invariant of {G,p,V), assuming r = 1. 
Let d = degP and b{s) = + aj) the b-function of P{x). 

(1) WhenK = C, 

(2) When A = M and when every term of P{x) is a multilinear form, 

^ T{{s + a,)/2) 


^ir(s) = (tt ‘^c)2 JJ 


r(a,/2) 


In this part, we extend this theorem to several variables (r > 1). Though basically our 
proof presented here is an easy modihcation of the proof given in [7] , a careful treatment 
of the Ore-Sato theorem (see Section I2.ip is needed. The most important point of the 
proof is the fact that Zc(s) and Z^{2s) satishes a difference equation in a certain type, 
called Gra-primitive, or hypergeometric, which is written by the 6-functions. The proof 
can be divided into two steps. The hrst step is to characterize a desired solution of such a 
difference equation, written as a product of an exponential function and gamma functions. 
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The next step is to prove that the characterization can be adapted to Zc(s) and Zr(2s). 
To obtain a suitable difference equation (especially for Zr(2s)), very delicate facts which 
are seen in the proof of the Ore-Sato theorem are needed. For this reason, we include a 
detailed proof of the theorem in Section [2Tl The main results will be described in Section 
12.3112.41 (Theorem 12.3.11 and Theorem 12.4.31) . 


2.1. The Ore-Sato theorem 

Let fc be a field of zero characteristic and k(s) = k(si,..., Sr) the rational function 
field of r variables. Let S be the free abelian group of rank r (S ~ Z^) and ti, ... ,Tr 
a basis of S. Then S acts on k{s) as fc-algebra automorphisms by Tif{s) = f{s + e^) 
(/(s) G k{s)) where ei = (1, 0,..., 0),..., = (0,..., 0,1), the canonical basis of k'^. Let 

fcS be the group algebra of S over k and k{s)i^k'E the ring of linear difference operators, 
which is k{s) Oa, kE with the semi-direct product: (/i (gi g) ■ (/2 ® h) = fi{gf 2 ) ® gh 
{g,h G S). We say that a k{s)i^kE-modu\e V is Gm-primitive, or hypergeometric, iff 
dimA;(s) V = 1. (We will see in Part [3] that the Picard-Vessiot group scheme of such 
a /c(s) 7 (/:fcS-module is a closed subgroup scheme of Gm.) Let k{s)^ = k{s) \ {0}. For 
a fixed /c(s)-basis n of a Gm-primitive A;(s) 7 (i^fcS-module V, we have an associated map 
■. E ^ k{s)^, g H->• bg^.^{s) defined by gv = bg^y{s)v. Since bi^y{s) = 1 and bgh^y{s) = 
{gbh,v{s))bg^y{s) for all g,h E E, by is in the set Z^{E;k{s)^) of 1-cocycles. Let v' be 
another fc(s)-basis of V. Then there exists an / G k{s)^ such that v' = f{s)v. It follows 
bg,v'{s) = {gf {s))f {s)~^bg^y{s) for all g E E] this implies that both of by/ and by define 
the same cohomology class in H^{E-, k{s)^) since the map g i—^ {gf{s))f{s)~^ is in the set 
B^(E; k{s)^) of 1-coboundaries. Thus Gm-primitive /c(s)#fcH-modules are classified by 
H\E;k{sr). 

An explicit description of Z^{E] k{s)^) is given by a result called the Ore-Sato theorem, 
which was first obtained by Ore [12] for the case r = 2 and by Sato [T3| for arbitrary r. 
Detailed proofs are also seen in [101 §1-1] and [H §1]. The purpose of this section is to 
introduce the theorem for later use. Since some delicate facts such as Corollary 12.1.41 are 
important to us, we follow carefully the discussion given in [TTl Appendix]. (Thus our 
statement of the theorem may be verbose according to the interest of the reader. For a 
more elegant description of iL^(S; C(s)^), [Till Proposition 1.1.4] is recommended. See 
Remark 12.1.51 ) 
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k{s)^ has a natural ZS-module structure as follows: 

^niQi 
i 

We easily see k{s)^ ~ x k{s)^/k^ as ZH-modules. Moreover, by decomposing to 
irreducible polynomials, we have the following ZS-module isomorphisms: 

k{s)^ —> Z^/ k^ (B ^(‘=‘ 7 ^f), 

f f 

where / runs over a set of irreducible polynomials which are not translated into one an¬ 
other up to constant multiple by the action of ZH, and Ef := {g E E \ gf = (const.)/} = 
{g eE \ gf = /}. Z(E/Ef) is the group ring of E/Ef over Z. 

Since H is a hnitely generated group, we have 

Z‘(H; kis)') ~ Z'(=; ® © Z'(S; Z(H/E,)). 

/ 

One sees that Z^(E]k^) is equal to the character group Hom(H,/c^). The structure of 
each Z^{E;Z{E/Ef)) is described by the following two lemmas. 

Lemma 2.1.1. Let f be an irredueible polynomial in A;[s] = /c[si,..., s^]. 

(i) E/Ef is a free abelian group 0 /rank S/S/ > 0. 

(ii) Take an arbitrary a E Z^(S; Z(S/S/)). Then a{g) = 0 for all g E S/. 

(hi) //rankS/S/ > 2, then H^{E;Z{E/Ef)) = 0. 

Proof, (i) Since / is not a constant, S/ 7 ^ S. Suppose g E E and g'^ E Ef for some 
positive integer n. There is an m G ZL such that gf{s) = f{s + m). Consider P{t) := 
f{s + tnm) — f{s) as a polynomial in A;(s)[t]. Since P{1) = g^^f{s) — f{s) = 0 for all / G Z 
and since k{s) is an inhnite field, we have P = 0. Hence 0 = P(l/n) = gf{s) — f{s), and 
so g E Ef. 

(ii) Take a g' E E which is not in S/. Let g' be the image of g' in S/S/. Then for all 
g EEf, we have 

aigg') = aig') + a{g) = g’a{g) + a{g'). 

Thus {g' — l)a{g) = 0. Since Z(S/S/) is an integral domain by part (i), we have a{g) = 0. 

(hi) By part (ii), we have H^{E-, Z(S/S/)) ~ H^{E/Ef] Z(S/S/)). Let Ai,..., A; be a 
basis of E/Ef. For all a E Z^(S/S/; Z(S/S/)), we have 

Q;(AjA/) = AiQ;(A/) + Q;(Aj) = A/Q;(Aj) + Q;(A/) 


/(s) =nto/i®))"' 


[n, 


G Z, gi E 
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and hence (A* — l)Q;(Aj) = {\j — l)Q;(Aj) for = Since Z(E/Ef) is the Lanrent 

polynomial ring, there exists an a G Z(S/S/) such that 

a(Ai) = (Ai - l)a (i = 1 ,... 

Moreover, since 

0 = q;(1 ) = Q;(A“^Ai) = A“^Q;(Ai) + Q;(A“^) = (1 - A“^)a + Q;(A“^), 
we have q;(A“^) = (A“^ — l)a. Therefore 

a{g) = ga-a (geE/Ef), 

concluding a G B^(E/Ef-, Z(E/Ef)), follows by induction. Indeed, if a{g') = g'a — a for a 
g' G E/Ef, then 

— a) + (Aj — l)a = Xig'a — a, 

= K\9'a -a) + (A“^ - l)a = X~^g'a - a 

for i = 1 ,..., □ 

Lemma 2.1.2. Let f be an irreducible polynomial in A;[s]. Suppose that rankS/S/ = 1 
and let X be a basis of E/Ef. 

(i) There exist a linear form fi{s) = niSi + - ■ ■ + nrSr (ni,... ,nr E Z) and an irreducible 
polynomial hit) G k\f\ of one variablet, such that f{s) = h{p,{s)) andXf{s) = h{p,{s) + l). 
Moreover, there exists an m E Z^ such that pirn) = 1, i.e. the greatest common divisor 
of non-zero coefficients of p, is 1. 

(ii) For every a G Z^(E;Z(E/Ef)), there is an g E Z(E/Ef) such that 

' — 1 

(/^M > 

!^=0 

a(rr---C’') = < 0 (pM=0 ), 

-1 

-h (hM < -1), 

for all m = (mi,..., m^) G Z^. 

(iii) //‘(S;Z(S/S;))~Z. 

Proof, (i) Let Ai,..., A^ be a basis of S such that the image of Ai in E/Ef is A and 
X 2 ,...,Xr E Ef. Then there exists an invertible r xr matrix (nij)ij in GLr{Z) such 
that Ti = Xf*^ ■ ■ ■ X/" for i = 1,..., r. Put p{s) := nnSi + ■ ■ ■ + UriSr and take linear 
forms s^(= p{s )),..., by (s'l, ■ ■ ■ ,s'f) = (si,..., Sr)(^p)i,y Then we have Xjsi = s[ + 5ij, 


12 



where 6ij denotes Kronecker’s delta. There exists an irreducible polynomial h{ti,... ,tr) G 
k[ti,... ,tr] such that /(s) = h{s[, ..., But 

h{s[, 4 + m 2 ,..., 4 + ■ ■ ■ A™’'/(s) = f{s) = h(4, ■ • ■, 4) 

for all m 2 ,... ,mr G Z, since X 2 ,...,Xr ^ Sj. Thus it follows that h is actually a 
polynomial of one variable ti. The second part obviously follows by the dehnition of /i. 

(ii) By part (ii) of Lemma l2.1.1[ we have Z(S/S/)) ~ Z(S/S/)). For an 

arbitrary a G Z(S/S/)), set 7] = Q!(A). Then the assertion follows by induction 

on fi{m), since the image of in S/Sj is 

(hi) We see that Z(S/S/)) — Z(E/Ef), a h->■ a(A) is an isomorphism. Then 

Z(S/Sj)) is isomorphic to Z(S/S/)(A — 1) under this isomorphism. Hence 
~ Z, via the map £ : Z{E/Ef) Z, Y^^ZiX" ^ □ 

By translating the lemmas above, we have the following theorem. 


Theorem 2.1.3 (Ore-Sato). Let S —> k{s)^, g h-^ bg{s) be a 1-cocycle in Z^{E; k{s)^). 
Write r™' = for m = (mi,... ,mr) G Z'’. Then b is written as the following 

form: 


( 2 . 1 ) 


hi(/ij(s) + 




u=0 


XT fiM H 


n 

^ u=iii{m) 


hi{lJ,i{s) + Z/) 


(Pi(m) > 1) 

= 0 ) 

(iXiim) < - 1 ) 


for all m G Z’’. Here, c : E ^ k^ is a character, hi,..., hi G k[t] are irreducible 
polynomials of one variable, pi,. .., G Zsi + • ■ • + Zs^ are non-zero linear forms whose 
each greatest common divisor of non-zero coefficients is 1, pi G Z(S/S^.(s)) (i = 1,... ,1), 
/i,...,/ 7 v are irreducible polynomials in k[s] which satisfy that rankE/Ef. > 1 (j = 
1,... ,N) and /i(s),..., /Ar(s), hi(/ii(s)),..., hi{fii{s)) are not translated into one another 
up to constant multiple by the action ofZE, and Q G Z{E/Ef.) (j = 1,..., N). 


Let £ : Z(E/Eg.(^s)) —> Z, ^ Yi^i the map described in the last sentence 

in the proof of Lemma 12.1.21 We normalize each r]i,pii,hi in (12.11) so that e{gi) > 0 
(* = 1,..., /) (when e{gi) < 0, replace pi, Hi, hi{t) with -pi, -/ij, hi{-t - 1)). Put /(s) = 

nf=i4/4^)- 
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Corollary 2.1.4. In Theorem \2.1.3[. assume br^{s),... ,br^{s) are polynomials. Take the 
expression 112.1\) with f{s) = 1 (which necessarily holds) andr]i,fii, hi normalized as above. 
Then they satisfy the following conditions (1), (2). 

(1) All coefficients of each fit are non-negative integers. 

(2) For each i = 1,... ,1, let Xi be the basis of such that \ip,i{s) = fii{s) + 1. 

Write T]i = (^ij ^ Zin,Zin’ 7 ^ Oj. Then hi{p.i{s) + and hi{jai{s) + 

n' + /ij(m) — 1)^™' are not canceled in the product hi{fii{s) + j + 

(t) 7 ^ m G TYq). Hence Zin and zm are positive integers. 

Proof. (1) Necessarily p,i{ei)e{rii),..., pii{er)e{r]i) are non-negative integers for i = 1,..., / 
by the assumption. 

(2) This is easily seen. □ 


Remark 2.1.5. (i) The 1-cocycle given by fl 2 . 1 l) and the following one both dehne the same 
cohomology class in k{sY): 


f 


I 

r™ ^ c(r'") Yl < 

i=l 


\ 


u=0 

1 

-1 

JJ hi{fii{s) + 


(/ii(m) > 1) 
(/ii(m) = 0) 
(/ii(m) < -1) 


In |31 §1], rii,fii,hi are normalized to be s{r]i) < 0. Another normalization is given in 
m Proposition 1.1.4] with a restriction on /ij instead of e{r]i). To describe the group 
structure of cohomology classes, such descriptions are more elegant. But, in this article, 
the Ore-Sato theorem should be introduced in the presented form for a reason which will 
arise later (especially in Lemma 12.4.21) . Here we are interested in rather 

than k{sY). 

(ii) The assumption in Corollary 12.1.41 does not imply that each PikYpYs)) is a poly¬ 
nomial; for example, let r = 2 and consider the 1 -cocycle dehned by fl 2 .ll) with c = 1 , 
/(s) = 1, Z = 1, hiit) = t, /ii(s) = 2 si -|- 3 s 2 , Pi = 1 — A - 1 - (here A is the basis of 
represented by 'rC^r 2 ). In addition, we observe that the conditions (1), (2) in 
the corollary are not sufficient for the assumption; consider the 1 -cocycle where pi in the 
above example is replaced with pi = 1 — A — A^ - 1 - A^ + A^. (But these two examples dehne 
the same cohomology class in iL^(S; k{sY)). 
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Let k = C. Take a 1-cocycle b G Z^(S;C(s)^) and keep the notation in Theorem 
12.1.31 Write hi = t + ai (a* G C) and c(r™') = ■ • • c™’' (ci,..., G C^). Then the 

Gin-primitive difference equation associated with b has a solution 

i 

7(s) = cf ■ ■ • c*’'/(s) Yl hir(/ii(s) + ai). 

i=l 

Assume ..., br^ are polynomials. In this case, 7 ( 3 ) has no zeros by Corollary 12.1.41 
There are several methods to characterize 7 ( 5 ) among other solutions; by asymptotic 
behavior or by log convexity: M. Fujigami [3] gave a generalization of the Bohr-Mollerup 
theorem [U Theorem 2.1]. Further methods may be suggested in [U § 6 ]. 

2.2. Reductive prehomogeneous vector spaces and its 6 -functions 

Let V be an n-dimensional C-vector space and G a connected reductive linear algebraic 
group over C. Suppose {G, p, V) is a reductive prehomogeneous vector space. Then, by the 
definition, there exists a proper algebraic subset S' of R such that V\S is a single G-orbit. 
Let So denote the union of the irreducible components of S with codimension 1. We always 
assume that S'o is not empty. Since p{G) is connected reductive, it is self-adjoint with 
respect to a C-basis of V by the theorem of Mostow m- By such a basis, we identify the 
coordinate ring C[R] of V with C[x] = C[xi,... the polynomial ring of n variables. 
Let Pi,..., Pr E C[x] he irreducible polynomials which define the irreducible components 
of S'o. These polynomials are relative invariants and every relative invariant is uniquely 
expressed in the form cPi{x)"^^ ■ ■ ■ Pr{x)"^’' (c G C^, (mi,... ,m,.) G Z''). In this sense. 
Pi,... ,Pr are called the basic relative invariants of (G, p, V) [HI Definition 2.10]. They are 
necessarily homogeneous polynomials [9l Corollary 2.7]. Let Pi,..., be the polynomials 
obtained by complex conjugation of coefficients of Pi,..., P^ respectively. By the choice 
of the basis of V, those are the basic relative invariants of the dual prehomogeneous vector 
space {G, p*, V*), when we identify C[R*] with C[x] by the dual basis (see [HI Lemma 1.5] 
or [9l Proposition 2.21]). 

In the following, we consider Pi(x)^^ ■ ■ ■ Pr(x)®’' as a many-valued holomorphic function 
on C'' X (R \ S'o). Write grad^, = {d/dxi,... ,d/dxr). For each m = (mi,... ,mr) G Z> 0 ) 

Pi(grad^)™'i ■ ■ ■ Pr(grad 3 ,)™'’'(Pi(a;)'^i+™'i ■ ■ ■ Pj.{xy^^^^) 

p((^ 0 ^rTT 7 fT(^)R ^ ...,sp,xi,...,x, 

is (absolutely) invariant under the action of G. Since every absolute invariant in C[a:] is 
a constant [HI Proposition 2.4], it is independent of x. Thus there exists a polynomial 
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bm{s) G C[si,..., Sr] such that 


Fi(gradJ”"i ■ ■ ■Pr(gradJ™’'(Pi(a;)"i+'"i ■ ■ ■ Pr(x)"’'+™’') = b^{s)Pi{xy^ ■ ■ ■Pr(a:)"G 

Moreover, it is known that the degree of bm{s) (on s) is equal to the degree of 

(on x); this follows from an easy modihcation of the proof given in [5l Lemma 1.7] or [9l 

Proposition 2.22]. 

Definition 2.2.1. The polynomials bm{s) are called the b-functions of Pi, ..., Pr- 


By calculating 


Pi(grad^)”^i+”^'i ■ ■ ■ Pr(gradJ’"^+’"-(Pi(x)*i+™i+™'i ■ ■ ■ Pr(x)"^+”^’'+'"-) 


in two ways, we have 

bm+m'{s) = byn'{s + m)bm{s) 

for all m = (rui,...,rUr),m' = {m[,... G Z>g. Hence the map Z>q —>• C(s)^, 
^ ^ bm{s) is uniquely extended to a 1-cocycle b ■. II ^ C(s)^. By the Ore-Sato theorem 
(Theorem 12.1.31) . each &m(s) (0 7 ^ m = (mi,... ,mr) G II>q) is written as 

( 2 . 2 ) ^m(s) = ■ ■ ■ c™’’(/ij(s)-f-Oj-|-j-|-, 

2=1 j U=0 

where the notations are taken as in 1 12.11 and rji = satisfying the conditions in 

Corollary 12.1.41 We take them so that (/ii(s) -f Oi),..., (/iz(s) -|- ai) are not translated 
into one another by the action of S. It is known that each Oj -|- j (with Zij > 0) is a 
positive rational number (due to M. Kashiwara [Hj). Moreover, we have ci,..., Cr G M>o 
since 

6^(0) = A(gradJ”^i ■ ■ ■Pr(gradJ”^^(Pi(x)”^i ■ ■ ■Pr(x)”^’') G M>o 

for all m = (mi,..., m^) G Z>q. Let dk be the degree of Pfc(x) for = 1,..., r. Then the 
observation just before Dehnition 12.2.11 implies that 

i 

(2.3) dk = '^iJ,iiek)e{T]i) {k = l,...,r), 

i=l 

where ei = ( 1 , 0 ,..., 0 ),..., = ( 0 ,..., 0 , 1 ) and e{r]i) = Y,j ^ij- 
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2.3. Local zeta functions over C 


We identify V with C** by the basis hxed in ^2.2[ Let dx denote the Haar measure on 
V normalized to satisfy 

/ exp{—2TTx^x)dx = 1 , 

Jv 

where x = {xi,... ,Xr) € C" and ^x denotes the transposition of the complex conjugate 
of X. Let I ■ |c be the valuation of C defined by \z\ic = zz = \z\‘^ for z G C. The integral 


Zc{s) = 


'V 




\Pr{x)\^ exp{—2nx^x)dx 


converges when s G {(si,..., s^) G C*” | Re(si),..., Re(sr) > 0}, and hence Zc{s) is a 
holomorphic function on this region. Our purpose is to show that Zc{s) is equal to 

T(/ij(s) + ai+j)' 


7cw :=n((2T-"‘ftr‘nn 

k=l i=l j 

with the notations in fl 2 . 2 p . 


r(ai+j) 


Theorem 2.3.1. Zc{s) has a meromorphic continuation to and Zc{s) = 7c(s). 

Actually, the first part of this theorem has been known (see 0) and our aim is to 
obtain the second part. To prove this theorem, we need the following lemma: 


Lemma 2.3.2. For s = (si,..., Sr) G C*” and m = (mi,..., rur) G we have 
Fi(grad3,)™i ■ ■ ■ Prigrad^)'^^{\Pi{x)\^^ ■ ■ ■ \Pr{x)\^Pi{x)'^^ ■ ■ ■ Pr{x)'^^) 

= bUs)\Pi{xW^---\Pi{xWc^ 
onV\So. 

Proof. Locally we choose the branching of the value of logPi(x) and logPj(x) = logPj(a;) 
so that \Pi{x)\^ = Pi{xY^Pi{xY^ holds. Since Pj(grada,) and Pi{xY^ commute as differen¬ 
tial operators for i, j = 1, ■ • ■ , r, we have 

Pi(gradJ-^ ■ ■ ■P,(gradJ-’'(|Pi(x)|^^ ■ ■ ■ |P,(x)|£’'Pi(a;)-^ ■ ■ ■P.(a;)-’-) 

= Pi (grad J'"! ■ ■ ■P,(gradJ'"’'(Pi(S)*i ■ ■ ■ P,(x)"’'Pi(a;)"i+™i ■ ■ ■ P,(a:)"’'+”^’') 

= Pi{xY^ ■ ■ ■P,(x)"’'Pi(grad^)”'' ■ ■ ■Pr(gradJ”"’'(Pi(a:)*i+™i ■ ■ ■ P^xY^^^^Y 
= PYxY^ ■ ■■Pr{xrhrr,{s)PYxY^ ' ' ' Pr{xY^ 

= h^{s)\PYx)\Y---\PYx)\Y. 

□ 
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Proof of Theorem \2.3.1[ By Lemma 12.3.21 we have 


byn{s)Zc{s) 

r 

JJPi(grad^ 


'V 


y2 = l 


Y\_\Pj{x)\^^Pj{x)^^ I exp(—27ra;*a;)(ia; 

Vj=l 


= ^ j (jjPii-gradJ"^^j exp{-2Trx^x)dx 

p r r 

= (27r)^'==i'^'“™''“ / Pi(x)™'‘exp(—27ra;*a;)(ia; 

j=i i=i 

= f f[\Pj{x)\"^^"'^ exp{-27rx^x)dx 

■Jv 

= (27r)^fc=i'^''’”''Zc(s + m) 


for (si,..., Sr) G {(-Si, ..., Sr) E I Re(si),..., Re(sr) > 0} and m = (mi, ..., m^) G 
Z>Q. Hence ^c(s) satisfies the following equation: 

(2.4) Zc(s + m) = (27r)-S^^-i6^ (s)Zc(s). 


Then Zc(s) has a meromorphic continuation to C’’ by this equation (as in [2]). Further¬ 
more, fl2.4l) implies that both Zc(s) and 7 c(s) satisfy the same (Gm-pHmitive) difference 
equation. Therefore G(s) := Zc(s)/jc(s) is a holomorphic and periodic function with pe¬ 
riods ei,..., Cr. To show that G(s) is a constant function, we investigate the asymptotic 
behavior of C'(s) on the strip S = {(si,..., s^) G C'’ | 1 < Re(si) <2 (i = 1, ■ ■ ■ ,r)}. 

Put 5”'“^(C) = {x E V \ x^x = 1} (~ SO(2n,R)/SO(2n — 1,M) as real manifolds). 
We identify V \ {0} with R>o x 5'”“^*^) ^ ('C)'w) = (Vx^x, x/Vx^x). Take the 

S'0(2n, M)-invariant measure du on 5”“^(C) such that dx = 2'^^‘^'^~^d^du on R\ {0}. Let 

V’(s) = 2’"“^ [ |Pi(m)Ic ■ ■ ■ |Pr(M)lc^“- 
7s"-i(c) 

Then we have 

^c('S) = / \Pi{x)\^ ■ ■ ■ \Pr{x)\^ exp(—2nx*x)dx 

Jv\{o} 

roo 

= 2'ip(s) / exp(—27r,^^)d,^ 

Jo 

= (27r)“ ^*=1 '^''®'““"''0(s)r((iiSi drSr + n) 
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when Re(sj) >0 (* = 1, ■ ■ ■ , r). Since 


Js"-^{C) 

|(27r)“^fc=i'^'='^'=“'^'0(s)| is bounded in S. Let oi,..., be arbitrary positive real numbers 
and to a real variable. Then the well-known asymptotic behavior of the gamma function 
and (12.31) imply that 

C{1 v^aRo, • • •, 1 + y/^arto) = o(exp(|to|)) (|to| ^ oo). 

Unless C{s) is a constant function, this is impossible. Thus the proof is completed since 

U(0) = 1. □ 


2.4. Local zeta functions over M 

In this section, we assume that the prehomogeneous vector space {G,p,V) is defined 
over M (in the sense of [I3l §1] or [9l §2.1]) and replace Pi,...,Pr and b as follows. 
Since So is dehned over M (see [T^ Lemma 1.1]), we can take irreducible polynomials 
Pi,... ,Pr G M[x] which dehne the M-irreducible components of Sq (possibly r becomes 
smaller). Here, we are assuming the basis of V is hxed so that the M-rational points of 
p(G) is self-adjoint with respect to the induced M-basis of Ur, the M-rational points of V. 
Those Pi,... ,Pr are often called the basic relative invariants of {G, p, V) over M. They 
are also considered as the basic relative invariants of {G, p*,V*) over M. Then there exist 
polynomials bm{s) such that 

Pi(gradJ”^i ■ ■ ■ PUgradJ’"’'(A(a^)'^^"^ ■'' = bm{s)Pi{xr ''' Prix^ 

for m = (mi,... ,mr) G Z>q. All properties on bm{s) described in 1 12.21 also hold. Keep 
the notations in fl2.2p and in fl2.3l) . 

Let dx denote the Lebesgue measure on V® identihed with M'’. As in the previous 
section, the integral 

^r(s) = [ \Pl{x)\’^^ ■ ■ ■\Pr{x)\’^^ exp{—7TX^x)dx 
Jvk 

converges when (si,..., s^) G {(si,..., s^) G | Re(si),..., Re(sr) > 0}, and hence 
Z]k(s) is a holomorphic function on this region. From now on, we assume the following: 
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Assumption 2.4.1. Every term of Pi{x) is a multilinear form on x for i = 1,... ,r, i.e. 
each Pi{x) is of the form: 

Pii^) = (* = 1, • • •, ?’)• 

^<jl<-<jdi<n 

We will see that .^r(2s) satishes a certain Gm-primitive difference equation in such a 
case. By the assumption above, we see 

Pi{gra.d^) exp{—7ix^x) = (—27r)'^‘Pi(x) exp(— ttx^x) (i = 1, • • • , r). 

Thus 

bei{s)Zu{s) = [ {Pi{gTeid^){\Pi{x)\^^ ■ ■ ■\Pr{x)\^''Pi{x))}exp{-7Tx^x)dx 


JVm 



{-it 

[ (i^i(^)r^- 

JVm 

■ ■ Pr( 2 :) *’^T’j(x))Pj(grad 3 ,) exp(—7ra;*a;)(ix 

{2TTt 

[ mtr-- 

■ \Pr{x)tPi{x)Pi{x) exp{—Trx^x)dx 

{2TTt 

[ mtr-- 

Wr 

■ \Pi{x)f'^~^^ ■ ■ ■\Pr{x)t exp{—7rx^x)dx 


— (27r)'^*ZR(s + 2ej), 

for z = 1,..., r. Hence Zr(s) satishes the equation 

(2.5) Zr(s + 2ei) = (27r)“"''6ei(s)^R(s) (z = l,...,r). 

We can obtain a meromorphic continuation of .^r(s) to C^. By considering Zr(s + 2ej + 
2efc) in two ways, we have 

(2.6) &e.(s)6efc(s + 2ej) = 5e,(s + 2efc)6efc(s) {j,k = 1,-■ ■ ,r). 

Lemma 2.4.2. When Assumption holds, pii{ej) (i = 1, ■■■ ,1, j = 1, ■■■ ,r) are 
equal to either 0 or 1 and hence each rji ■ + Oj) is a polynomial. 

Proof. For each i = I,-- - ,/, take any j,k such that /ii(ej),/ij(efc) > 0 and write rji = 
J2u=K^in^i 7^ 0). By ([5S]), we have 

k' I /Xi(efc)-1 

n n (/ij(s) + a, + M + n) {iJ,i{s) + 2jai{ej) + ai + u + w) 

U = K \ v=0 w=0 

k' / ^Ji(efc)-1 

= n n (/ij(s) + 2/ij(efc) + Oj + M + n) (pj(s) + a* + u + to) 

u=K. \ i;=0 



20 





In each side, the constant terms of the factors 

(/Xi(s) + 2/ij(ej) + — 1), 

+ 2/ij(efc) + ttj + — 1) 

are maximal respectively; recall that these factors are not canceled (Corollary 12.1.41) . 
Hence the two factors coincide and we have = /ij(efc). Therefore the all non-zero 

numbers among /ij(ei),...,/ri(er) coincide. This proves the lemma since the greatest 
common divisor of them is 1. □ 


Theorem 2.4.3. When Assumption \2.4-i\ holds, we have 

ry / N TTTT /^r((/ii(s)Oj j)/2)Y 

z.w=n(. "•) nn(^(ra7^j 


Proof. Let /? : —> C(s)^ be the map given by 




/3™w=n(’^-"‘<^‘)”‘Tin 

i=l j 




ai+j 


u=0 


k=l 


(/ij(s) -t- 

^ u=iii{m) 


ai+3 


+ (/Ui(m) > 1) 

(/ri(m) = 0) 

+ (/Ui(m) <-1). 


We see that is a 1-cocycle since ^ir(2s) satishes the Gm-primitive difference equation 

Zr(2(s + m)) = j3m{s)Z^{2s) 

by fl2.5p and Lemma 12.4.21 In addition, the second assertion of Lemma 12.4.21 implies that 
all Zij is non-negative. Let 

7.W:=n(. ^0»nn( ) ■ 

Then both 7r(2s) and .^r(2s) satisfy the same difference equation. 

Put S^-^R) = {x e Hr I x^x = 1} (~ ^0(n,M)/^0(n - 1,M)). We identify Hr \ {0} 
with M>o X via x h-^ i^^u) = {\/fihc,x/\/xhc). Take the S'O(n,M)-invariant 

measure du on such that dx = ^^~^dfdu on Hr \ {0}. Let 

1 r 


H(s) = 


\PYu)\^^---\Pr{u)Ydu. 
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Then we have 


Zm(s) — 


'Vk\{0} 


|Pi(a;)|®^ ■ ■ ■ \Pr{x)\^’~ ex.p{—7rx^x)dx 


= 2i){s) / 


d\S\ T ■ ■ ■ T dfS-r T Ti\^ 

2 ) 

when Re(sj) > 0 {i = 1, • • • i^)- Therefore, similarly to the proof of Theorem 12.3.11 we 
obtain that Zr(2s)/7m(2s) = 1. □ 
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Part 3. Picard-Vessiot theories for artinian simple module algebras 

Introduction of Part [3] 

The purpose of this part is to develop a unihed Picard-Vessiot theory, including Picard- 
Vessiot theories for differential equations and for difference equations. The presented re¬ 
sult was obtained by the author and Masuoka. The contents from Section 13.11 to Section 
13.81 are made by retouching [2] including some omitted proofs. Section 13.91 was recently 
published as another paper P, in which some descriptions, such as the dehnition of 
f^-extension, etc, are improved than this article (but a sentence “...the smoothness as¬ 
sumption; namely, it is spanned by divided power sequences...” in Introduction of P may 
be a little mistake). 

In the usual sense, the “Picard-Vessiot theory” means a Galois theory for linear ordinary 
differential equations. See [21] for modern treatment. For example, consider the following 
differential equation over C: 

(3.1) y"{x) - y'{x) - y{x) = 0. 

Let C[cl] {d = d/dx) be the ring of differential operators with constant coefficients. The 
differential module (C[9]-module) associated with the equation fl3.ip is 

c[d]/c[d]{d^ - a -1) ~ (c[a]/c[a](a -1^)) © (c[a]/c[a](a -1^)). 

Thus the space of solutions is given by the 2-dimensional C-vector space Ca + Cfd with 
a = f3 = . A differential held (i.e. a held given a derivation) L including 

this space is called a splitting field for the equation. If L is minimal with this property, 
it is called a minimal splitting field. For the equation above, L = C{a,f3) is a minimal 
splitting held. Like Galois extensions, L/C is then an extension of a special type, called 
a Picard-Vessiot extension. For such an extension, we can take a Galois group, called 
the differential Galois group (or the Picard-Vessiot group) as an algebraic group dehned 
by Autc[ 9 ],c-alg(-^) =: G{L/C), where Autc[ 9 ],c-alg denotes the C[L]-hnear and C-algebra 
automorphisms. We have G{L/C) = Gm x Gm in this case, and we can obtain the Galois 
correspondence between closed subgroups of G{L/C) and intermediate diherential helds 
of L/C. For example, the diherential held C(q;) corresponds to {1} x Gm (or x {1} 
according to the choice of the group action). 

An analogous theory for difference equations is also known. Bialynicki-Birula P and 
Franke [8] hrst developed such a theory for inversive diherence helds, i.e. helds given an 


23 














automorphism (though Biaiynicki-Birula’s paper was intended for more general theory, 
not only for difference helds). A dehnition of Picard-Vessiot extensions of inversive dif¬ 
ference helds and Galois correspondences were obtained there. But the theory had a 
difficulty on the existence of suitable solution helds. For example, consider the Fibonacci 
recurrence 

(3.2) a{n + 2) — a(n -l- 1) — a{n) = 0. 

Let C[r, r“^] [r \ n ^ n + 1) he the ring of difference operators with constant coefficients. 
The difference module (C[r, r“^]-module) associated with the equation (13.2p is 

C[r, r“^]/C[r, r“^](r2 - r - 1) 

- (C[r,r-VC[r,r-i](r - © (C[r, r“^]/C[r, r“^](r - ^^)). 

Let S<c denote the ring of complex sequences (see [20l Example 3]). The space of solutions 
in Sc is given by the 2-dimensional C-vector space Ca + C/9 with a = {( ^+F5 )»}, ^ = 
G Sc- But one can not take any splitting held which becomes a Picard-Vessiot 
extension for this equation. If a subring in Sc contains a,/9, then it has a zero divisor: 

{a(3 — l){a(5 + 1) = 0. 

On the other hand, if we take any inversive diherence held which includes a 2-dimensional 
C-vector space of solutions of fl3.2p . then it necessarily contains a new constant (see [20l p. 
2]). However, overcoming this difficulty, the Picard-Vessiot theory for diherence equations 
in modern sense was developed by van der Put and Singer [20] with the notion of Picard- 
Vessiot rings, as follows. Consider the Laurent polynomial ring C[x,y, {xy)~^] as an 
inversive diherence ring by 

1 + ^ 1 - \/5 

Tx = — - — X, ry = — -— y. 

On sees that {{xy — l){xy + 1)) C C[x,y, (x?/)"^] is a maximal diherence ideal. Put 

A = C[a;, y, (xy)-^]/((xy - l)(xy + 1)). 

Then A is a Picard-Vessiot ring for the equation fl3.2l) in their sense (see [201 Dehnition 
1.4]). The total quotient ring of a Picard-Vessiot ring is called the total Picard-Vessiot ring 
[20l Dehnition 1.22]. For the equation fl3.2l) . we have the following total Picard-Vessiot 
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C(a) X C(a) 

(a, a) 

{a~^, —a“^). 

Then the difference Galois group for the equation can be defined by G{Q{A)/£) := 
Autc[T,T-i],C-alg(Q(^))- In this case, we have G{Q{A)/€) ~ Gm x Z/2Z. We obtain 
the Galois correspondence between closed subgroups of G{Q{A)/G) and intermediate 
difference subrings of Q{A)/V- such that every non-zero divisor is invertible (see pHl 
Theorem 1.29]). For example, C(a) (= C(q!)( 1, 1)) corresponds to {1} x Z/2Z and C x C 
corresponds to Gm x{l}. 

A unihed approach to both differential and difference cases was hrst attempted by 
Bialynicki-Birula [1], though it was a theory for held extensions. Including the case that 
the solution algebras can have zero divisors, Andre [3] gave such a unihed approach from 
the viewpoint of non-commutative diherential geometry with the theory of tannakian cat¬ 
egories [HIE]. Alternatively we develop a unihed Picard-Vessiot theory by a diherent way 
based on Takeuchi’s Hopf algebraic approach: Takeuchi [27] beautifully clarihed the heart 
of the Picard-Vessiot theory in the generalized context of G-ferential helds, intrinsically 
dehning PV extensions and the minimal splitting helds of G-ferential modules. By replac¬ 
ing linear algebraic groups with affine group schemes (or equivalently commutative Hopf 
algebras), he succeeded in removing from many of the results the assumptions of hnite 
generation, zero characteristic and algebraic closedness. For a cocommutative coalgebra 
G with a specihc grouplike Ic, a C -ferential field IZ7I is a held given a unital, measur¬ 
ing action by G; the concept includes diherential helds, A-helds [T3|, helds with higher 
derivations [T8|, and diherence helds (even non-inversive ones are included). However, it 
was also a theory for held extensions and the assumption that the tensor bialgebra T{C~^) 
[27] p. 485] is a Birkhoh-Witt coalgebra (see [27l p. 504] or Assumption 13.3. Ill . is required 
for the existence theorem of minimal splitting algebras. 

In this article, we consider module algebras over a cocommutative, pointed smooth 
Hopf algebra D. Thus D is of the form D = D^jfRG over a hxed held, say R, where 
G is the group of grouplikes in D, and the irreducible component containing 1 is a 
Birkhoh-Witt coalgebra. An inversive diherence ring which includes R in its constants is 
precisely a D-module algebra when = R and G is the free group with one generator. 
Diherential rings are also within our scope, though only in characteristic zero because 


ring: 


(3.3) 


Q(A) ~ 

X H-^ 

y 
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of the smoothness assumption. Precisely a differential ring which includes R (of zero 
characteristic) in its constants is a D-module algebra when = R[d] with a primitive 
d and G is trivial. Algebras with higher derivations of inhnite length £t in the assump¬ 
tion, in arbitrary characteristic. An algebra (over R) with i?-linear higher derivations 
do = id, di,d 2 , ■ ■. of inhnite length is precisely a module algebra over the Hopf algebra 
R{di, d 2 ,...), which denotes the (non-commutative) free algebra generated by di, ^ 2 , ■ ■ ■, 
and in which l,di,d 2 , ■ ■ ■ form a divided power sequence. This Hopf algebra becomes a 
Birkhoff-Witt coalgebra in arbitrary characteristic. 

Throughout this article, D-module algebras are all supposed to be commutative. A D- 
module algebra K is said to be artinian simple (AS) if it is artinian as a ring and simple 
as a D-module algebra. The last condition means that K has no non-trivial D-stable 
ideal. For example, the total Picard-Vessiot ring considered in fl3.3p is an AS C[r, r“^]- 
module algebra. Of course differential helds over C are AS C[c?]-module algebras. In this 
sense we can generalize and unify the Picard-Vessiot theories for differential and difference 
equations, involving the theory of van der Put and Singer [20] . 

Let L be an AS D-module algebra. If P C T is a maximal ideal, then one will see that 
Li := L/P is a module held over the Hopf subalgebra D{Gp) := D^^RGp, where Gp 
denotes the subgroup (necessarily of hnite index) of the stabilizers of P. Moreover, L can 
recover from Li, so as 

L = D ®D(Gp) Li = g ® Li, 

g&GIGp 

where the product in L recovers from the component-wise product {g®a){g®h) = g®ab 
in the last direct sum; see Section [331 (For example, when D = C[r, r“^] and L = 
Q{A) ~ C(a) X C(a) as above, take P = (xg — 1) C Q(A). Then Gp = {g^ | g E 
G} ^ 2Z under the group isomorphism G ~ Z.) The P-invariants = {a E L \ da = 
e{d)a for all d E D} (where £ denotes the counit of D) in L form a subfield, such 
that ~ Following [27], we say that an inclusion K G L of AS P-module 

algebras is a Picard-Vessiot (PV) extension iff and there exists a (necessarily 

unique) P-module algebra K C A G L such that the total quotient ring Q{A) equals 
L, and H := {A A)^ generates the left (or right) A-module A A. Then H 
has a natural structure of a commutative Hopf algebra over (= L^), with which 
AjK is a right P-Galois extension; see Proposition 13.5.2'! (In the example fl3.3l) . we have 
H = <C[zi, Z 2 \/{zlz 2 — f) with grouplikes Z 2 = y®y~^.) If an inclusion P C L 

of AS P-moduIe algebras is a PV extension, then the induced inclusion K/PGK G L/P 
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of D(Gp)-module fields is a PV extension, where P is an arbitrary maximal ideal of L. 
The converse holds trne if Gp is normal in Gpnx; see Proposition 13.7.41 and Theorem 

EZSl 

As onr main theorems we prove: 

Galois Correspondence iTheorem I3.5.4|) : Given a PV extension L/K of AS D-modnle 
algebras, there is a 1-1 correspondence between the intermediate AS H-modnle algebras 
K G M G L and the Hopf ideals I in the associated Hopf algebra H; L/M is then a PV 
extension with the associated Hopf algebra H/1 (Proposition [3321) ■ This has the obvions 
interpretation in terms of the affine gronp scheme G{L/K) = SpeciP corresponding to 
H, and G{L/K) is isomorphic to the antomorphism gronp scheme Autp, 7 ^_aig(A) (see 
Section [3.61) . 

Characterization fTheorem I3.8.7P : An inclnsion K G L of AS H-modnle algebras with 
is a hnitely generated PV extension iff L/iP is a minimal splitting algebra for 
some K^D-modvle V of hnite iP-free rank, say n; this means that dimj;^^ Homx#D(V, L) = 
n and L is “minimal” with this property (see Proposition Id.S.dl) . 

Tensor Equivalence (Theorem I3.8.13p : If this is the case, the symmetric tensor category 
of hnite-dimensional right comodnles over the associated Hopf algebra H (or eqniv- 
alently that category RepQj-^/^) of hnite-dimensional linear representations of G(L/iP)) 
is eqnivalent to the abelian, rigid tensor fnll snbcategory {{H}} “generated” by V, in the 
tensor category {k#dJCI,^k, K) of iP#Zl-modules; cf. [211 Theorem 2.33]. 

Unique Existence (Theorem 13. 8. lip : Snppose that is an algebraically closed held. 
For every K^D-module V of hnite iP-free rank, there is a uniqne (np to isomorphism) 
minimal splitting algebra LjK which is a (hnitely generated) PV extension. 

One cannot overestimate the inhnence of the article [2^ by Takenchi on this article of 
onrs. Especially the main theorems above except the third are very parallel to results in 
IZ7I, including their proofs. A G-ferential held is equivalent to a module held over the 
tensor bialgebra T{C^). We remark that even if K,L are helds, the hrst two theorems 
above do not imply the corresponding results in m since the notion of G-ferential helds 
is more general than D-module helds in the sense of ours. The fourth only generalizes 
m Theorems 4.5, 4.6] in which T(G^) is supposed to be of Birkhoh-Witt type. 
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The last section (Section I3.9p treats the solvability theory for Liouville extensions. 
The notion of Liouville extensions of differential fields first appeared in Kolchin’s histor¬ 
ical work on the Picard-Vessiot theory m- An extension of differential fields (of zero 
characteristic) is called Liouville iff it contains no new constants and it is obtained by 
iterating integrations, exponentiations, and algebraic extensions. It was shown that a 
Picard-Vessiot extension of differential fields is Liouville iff the connected component of 
its differential Galois group is solvable. By the Lie-Kolchin triangularization theorem and 
others m Ch. I], we can characterize several types of Liouville extensions in matrix the¬ 
oretical way. For example, a Liouville extension is obtained only by iterating integrations 
iff its differential Galois group is unipotent. For the case of an arbitrary characteris¬ 
tic, Okugawa [18] studied the Picard-Vessiot theory for fields with higher derivations of 
infinite length, and obtained similar results on Liouville extensions. 

Liouville extensions of difference fields were first studied by Franke [8]. In the context 
of [201, Hendriks and Singer [9] studied on Liouville solutions of difference equations with 
rational function coefficients. They defined the notion of “Liouvillian sequences” and 
showed that a linear difference equation can be solved in terms of such sequences iff 
the difference Galois group is solvable. (Moreover, they gave an algorithm to find such 
Liouville solutions, using Petkovsek’s algorithm [T9].) 

In the last section, we define the notion of Liouville extensions of AS H-module algebras 
and prove a solvability theorem in the unified context. 

When we study Liouville extensions in terms of affine group schemes, we will meet 
the following difficulty: the Lie-Kolchin triangularization theorem can not be extended 
generally to affine group schemes (see [291 Gh. 10]). Gertainly there are gaps between 
the triangulability and the connected solvability, even if the base field is algebraically 
closed. So we need some intermediate notions and have to study how they are related 
each other. In Section 13.9.11 we define “Liouville group schemes” so that it is suitable for 
Liouville extensions defined later, and study how strong the definition is. An algebraic 
affine group scheme G over a field k is called (k-)Liouville (cf. [131 p. 374]) iff there exists 
a normal chain of closed subgroup schemes G = Go >Gi>--->Gr = {l} such that 
each Gi_i/Gj {i = 1,... ,r) is at least one of the following types: finite etale, a closed 
subgroup scheme of Ga, or a closed subgroup scheme of Gm- When k is algebraically 
closed, G is Liouville iff the connected component G° is solvable (Proposition 13.9.51) . But 
in general it does not holds; we show this fact by examples. For connected affine group 
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schemes, we will see the condition to be Lionville is properly stronger than the solvability 
bnt weaker than the triangnlability. 

Let L D iL be an inclusion of AS D-module algebras. For finitely many elements 
xi,...,Xn e L, let K{xi,... ,Xn) denote the smallest AS D-module subalgebra in L 
including both K and Xi,... ,x„. LjK is called a Qi^-primitive extension (resp., a Gm- 
primitive extension) iff there is an x G L such that d{x) G K for all d G = Kere 
(resp., X is a non-zero divisor of L (which is necessarily invertible) and d{x)x~^ G K 
for all d & D) and L = K{x). We say that L/K is a finite etale extension iff L is a 
separable iF-algebra in the sense of |7], i.e. L is a projective L L-module. Then we 
define Liouville extension as such a finitely generated extension L/K that and 

there exists a sequence of AS D-module algebras K = Lq <Z Li <Z ■ ■ ■ C Lr = L such that 
each Lj/Lj_i (i = 1,..., r) is at least one of the following types: Ga-primitive extension. 
Gin-primitive extension, or finite etale extension. As the last one of the main theorems, 
we will show the following: 

Solvability fTheorem 13.9.171) : Let L/K he a. finitely generated PV extension. Then the 
following are equivalent: 

(a) L/K is a Liouville extension. 

(b) There exists a Liouville extension F/K such that L <Z F. 

(c) G{L/K) is Liouville. 

When k is algebraically closed, these are equivalent to: 

(d) G{L/K)° is solvable. 

Moreover we will characterize ten types of Liouville extensions just being compatible 
with [m §24-27]; see Definition 13.9.151 Corollary 13.9.191 and its following paragraph. 

Conventions. Throughout this part, we always work over an arbitrarily hxed held R. 
All vector spaces, algebras and coalgebras are dehned at least over R. All algebras are 
associative and have the identity element. All modules over an algebra are unital, left 
modules unless otherwise stated. All separable algebras are taken in the sense of [7]; see 
also [291 Ch. 6]. 

The notation HomT^ (resp. EndT^) with a ring IZ always denotes the set of all 77- 
linear maps (resp. 77-hnear endomorphisms), but the unadorned Horn may indicate group 
homomorphisms or homomorphisms of group schemes. Algebra (resp. coalgebra) maps 
are always dentoed by Alg (resp. Coalg). The notation Ant indicates automorphisms 
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in some sense; for example, Aut^jj^.aig means D-linear and A'-algebra automorphisms. 
Aut in the bold style indicates an associated group functor as in [29], (7.6)]. Coalgebra 
structures are denoted by (A,e). If we need to specify a coalgebra (or a coring) C, the 
notation (Ac, £c) is also used. For a coalgebra C, (7+ denotes Kere. The antipode of a 
Hopf algebra is denoted by S. We use the sigma notation (see [23l §1.2, pp. 10-11] or [161 
§1.4, pp. 6-7]): 

A(c) = ^ C( 1 ) ® C( 2 ) etc. 

(c) 

When (M, A) is a right (resp. left) C-comodule, A(m) (m G M) is denoted by the sigma 
notation 

A(m) = ^ 771(0) ® f^{i) £ M C (resp. A(7T7) = ^ ^(-i) ® ^(o) ^ C M). 

(m) (m) 

By “a symmetric tensor category (21, (8), /)” we mean that (21, 0) is a symmetric tensor 
(or monoidal) category [M] §10.4, p. 199] with a hxed unit object I. We can dehne 
algebras, coalgebras, etc., in (21, (8), I) naturally by commutative diagrams. For an algebra 
A in (21, (8), I), left A-modules (resp. right A-modules, resp. (A, A)-bimodules) in (21, 0, 1) 
can also be dehned and the category of them is denoted by (resp. 21 a, resp. a^a)- 
For a ring 77, nM. (resp. M.n) denotes the category of left (resp. right) 77-modules. For 
a coalgebra C, (resp. ^M.) denotes the category of right (resp. left) C-comodules. 
Moreover, further notations, such as aAA^, a Af; ^fc., which indicate categories of relative 
Hopf modules are used as in [IH] §8.5]. 

3.1. Basic notions and results on Z7-module algebras 

Let 7A be a cocommutative bialgebra. An algebra A is called a D-module algebra (see 
[231 §7.2, p. 153] or [Tb] §4.1]) iff A has a Z7-module structure D®rA —>• A and the action 
of V measures A to A. The last condition means that 

Pa'- A ^ Hom/j(I7, A), a h->• [d h->• da] 

is an algebra map, where HomR(7A, A) is considered as an algebra with the convolution 
product (see [23] pp. 69-70] or [161 §1-4]); or in other words, using the sigma notation, 

d{ah) = ^^((i(i)a)(d( 2 )&), d(l) = e{d)l 

(d) 

hold for all d G 77 and a,h & A. Throughout this part, we assume 77-module algebras are 
commutative unless otherwise stated. Note that the algebra Homij(77, A) is commutative 
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in our situation, and it has a D-module algebra structure given by 

(3.4) {d^p){c) = ^p{cd) {c,dGD, G Homj:j(Zi), A)). 

One sees pA is an injective D-module algebra map. For a D-module algebra A, the smash 
product Aj^D means the algebra which is A D with the semi-direct product: 

{a#c){bifd) = ^a(c(i)6)#C(2)d 
(c) 

(see [23l pp. 155-156] or [161 §4-1]). For A^D-modules V, IF G a#dA4, we have an 
y4#F)-module structure on V ^a IF given by 

{ai^d){v ®w) = a d(i)n ® d[ 2 )W (a G A, d E D, v E V, w E IF). 

(d) 

Thus we have an abelian symmetric tensor category [6l Dehnition 1.15] {a#dA4,^a, A) 
with the canonical symmetry V IF —> IF V,v®w^w®v. For a D-module V, 

:= {v E V \ dv = e{d)v for all d E D} 

is called the constants (or the D-invariants) of V. Especially A^ becomes an alge¬ 
bra. If V is an A^^^D-module, we see Hom^^£)(^, F) ^ V^, ip h-^ </9(l) is an A^- 
module isomorphism and in particular EndA#D(^) — A^ as algebras. The functor 
(—)^ : a#dA4 —is an exact functor since A is a projective A^D-module (in¬ 
deed, A^D ~ A © (A <S)R D'^) as A^D-modules via ajj^d h-^ {ae{d), a<S) {d — e{d)))). Let 
i? be a D-module algebra including A as a D-module subalgebra, V an A^D-module, 
and IF a S^^^D-module. If D is a Hopf algebra with the antipode S, then HomA(F, IF) 
has a B^D-module structure given by the D-conjugation: 

(3.5) {{b#d)ip){v) =b^d(^i){ip{S{d^ 2 ))v) {v E V) 

{d) 

iorb E B, d E D, and ip E Hom 2 i(F, IF); see [271 Proposition 1.8]. We see HomA(F, IF)^ = 
Hom^^£)(F, IF). Especially Homyi is an internal Horn of {a#dA4,<^a, A) in such a case 
(see P, p. 109] for the dehnition of internal Horn). 

The following proposition, like Schur’s lemma, is very important: 

Proposition 3.1.1. Let 21 be an abelian subcategory of zA4 (the category of additive 
groups) whose inclusion functor is additive. An object X in'lA is simple iff 

(a) the endomorphism ring E := End 2 i(W) is a division ring, and 
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(b) for every object Y in 21, the evaluation map 


is injective. 


ev : Hom 2 i(X, Y)(^eX 


Proof. (“If’ part.) Let F be a subobject of X. Since Hom 2 i(X, Y) is a right ideal of E = 
Enda(2f), Hom 2 i( 2 f, Y) equals 0 or E by (a). If IIom 2 i( 2 f, Y) = E, we have Y = X since 
X ~ E®eX —> F is injective. If Hom 2 i(df, F) = 0, then E —> IIom 2 i( 2 f, X/Y) is injective. 
Since all E-modules are flat, we have that X ~ E®eX —> IIom 2 i(X, X/Y)®eX —> X/Y 
is injective and hence F = 0. 

(“Only if’ part.) (a) For 0 7 ^ / G F, Im(/) is a non-zero subobject of X and hence 
Ini(/) = X, Ker(/) = 0. Thus / is invertible. 

(b) Since X is simple, each 0 ^ f ^ Ilom 2 i(X, F) is monic and hence Im(/) is isomorphic 
to X. It suffices to prove that the sum C F is direct if /i,..., fr are F-linearly 

independent in Ilom 2 i(X, F). To prove this, we shall use induction on r. When r = 1, 
the assertion is clear. When r > 1, suppose that the assertion is true for {/i,..., fr-i}- 
Seeking a contradiction, assume lm{fj.) fl 7 ^ 0- Since lm{fr) is simple, we 

have Im(/r) C 0[=i Ini(/j). Then there exist ipi & E {i = 1,... ,r — 1) such that the 
diagram 

r—1 

T y p s inclusion /T\ t / p \ projection , „. 
lm{fr) -^ ^Im(/i) -^ Im(/i) 

i=l 


fr 


fi 


X 


Vi 


X 


commutes for i = 1,... ,r — 1 since fi : X ^ lm{fi) is invertible. Then fr = fi°Pi + 
■ ■ ■ -t- fr-i o (pr-i- This contradicts that fi,..., fr are F-linearly independent. □ 


Remark 3.1.2. I heard the above proposition from Professor A. Masuoka. Though it 
seems well-known, an explicit citation was not found as far as I searched. It is said that 
Professor Masuoka knew this by a comment from Professor T. Brezihski on [151 Theorem 
1.1 and the Theorem on p. 232]. 

Definition 3.1.3. A D-module algebra A is called simple iff it is simple in a#dAA., i.e. 
A has no non-trivial D-stable ideal. 


The next corollary follows immediately from Propositoin 13.1.11 
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Corollary 3.1.4. A D-module algebra A is simple iff 

(a) is a field, and 

(b) for every AffD-module Y, the map 

®Ao A^Y, 
for A y, 

is injective. 

Proof. Recall that EndA#z)(^) — A^ and Hom^:^£)( 74 , R) ~ Y^. The evaluation map is 
identihed with the map in (b) above. □ 

Let A be a H-module algebra and pa '■ A ^ Hom/j(Zl, A) the associated algebra map. 
Then Hom/{(Zl, A) has two A-module structures y4®ijHom^(Zl, A) —>■ HomK(Zl, A), given 
by (I) a (8) (p H->• pA(a) *ip = ip* Pa{cl), and (II) a®ip^ap= [d ^ ap{d)]. The structure 
given by (II) can be considered through the following algebra isomorphism: 

a : A ^ Hoinji(D, A)^, a aen, 

whose inverse is 93 i—*• 93 ( 1 ). Here we are taking the H-module structure on Hom/j(Zl,H) 
in the sense of (13.dh . As in [23, Corollary 1.4], the next lemma follows from Corollary 

EH 

Lemma 3.1.5. If A is simple, then the following map: 

fl : A ®A^ ^ Hoinji(D, A), a ® b PA(b) * (asn) = apA{b) 
is a two-sided A-linear (left through a, right through pa) injection. 

Proof. Consider Y = Homj:j(Zl, A) as an A^H-module by the A-module structure given 
by (I) and by the H-module structure in the sense of (13.41) : 

{affd)p = Pa{.o) * [dip) {a e A, d e D, p e Y). 

This is well-dehned: 

{a!fid'){{aifd)p)) = p^(a') * ^{d[^)pA{a)) * {d'^^.^dp) 

id') 

= PA{a') * ^pA{d[^)a) * (d'2)d(p) = ^pA{a'{d[^-^a)) * {d'^^^dp) 
id') {d') 

= {{a'ifd'){affd))p. 

Then [3 is injective since A ~ Y^ through a. □ 


y ® a ^ ay 
a® y ^ ay) 
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This lemma has an application when one needs to think of the y4^-linear dependence of 
elements in A. Takenchi generalized the Wronskian (and Casoratian) criterion as follows: 

Proposition 3.1.6. (]23 Proposition 1.5] j Let K be a D-module field. Then Oi,. .., a„ G 
K are -linearly independent iff there exist hi,..., G H such that det{hi{aj))ij ^ 0. 

Proof. We inclnde the proof for convenience. 

(“If’ part.) If YTj=i ^j'^j — 0 (^i! ■ ■ ■ iCn ^ then = 0 for i = 1,. .., n. 

Since the matrix {hi{aj))ij is invertible, we have ci = • • • = = 0. 

(“Only if’ part.) Pnt W = K^ai + ■ —\- K^On, an n-dimensional ifWvector snbspace 
of K. Consider the if-linear injection 

(3 : K W Homii;(Zl, K) ~ Y{.omK{K D, K), 6 (g) tc i—>• [d i—^ b{dw)] 

to which (3 in Lemma [3X5] restricts. Let {dojasA be an i?-basis of D and d^ be the dnal of 
d„ in Hom^(Zl, K). Then Homi,(if D, K) = Kd^ as a iC-vector space. Notice 

that Pa{.o) = Ylia&pX^oiO)dy^ (a G K). Since pa{cli), ..., pA{an) are df-linearly independent 
and since if is a field, we obtain a if-basis vi,... ,Vn of K W snch that 


/3(o) 

- 



aGA 



da T^^l 


/3(^^2) 

h^ + 

Y1 


aGA 

,/l2 


P{Vn) = + X] Cn,ada 

qGA 

,...,/ln 

for some n elements hi,...,h„ G {dojagA by sweeping-ont. Consider the transposed 
if-linear map of f 3 : 

7 : if g)^ D —> HomA'(if ^kd IT, if), a ® d h->■ [6 g) tc i—>• ab{dw)]. 

Let v'f,...,v'f be the dnal basis of ni,...,n„. Then we have *(7(hi),..., 7(h„)) = 
... , vf) with a strictly lower triangnlar matrix T G GLn{K). Thns 7 (hi), ..., 7 (h„) 
form a if-basis for IIomA-(if bP, if) ~ HomA'D(IT, if). The if-isomorphism 

LA Hom^D(IT,if) ^ if" 

n / ^ 

(Ci)i 'Y^ca{hi) I y^Cihi{aj) 

i=l \i=l 
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is precisely the right multiplication of matrix {hi{aj))ij. It follows that the matrix has 
an inverse. □ 

Remark 3.1.7. In the above proof, we see that Kery is a left ideal of K^D. D = R[d] 
with one primitive d, then Kery is generated by a monic differential operator of order 
n. Thus we can take hi = 1, h 2 = 9,..., = d'^~^ in such a case. Namely we have the 

Wronskian criterion in the usual sense. Similarly we also have the ordinary Casoratian 
criterion for difference helds. 


3.2. Tensor equivalences associated to Hope subalgebras 

In what follows we assume that H is a cocommutative Hopf algebra. Let C be a Hopf 
subalgebra of D. A coalgebra in the tensor category {dA4,^r, R) is called a D-module 
coalgebra. D is a H-module coalgebra, and D := D/DC^ is its quotient. The i?-abelian 
category of left (I), Zl)-Hopf modules is dehned as follows (see |26l pp. 454-455] or 
m §8.5]): 


Objects. An object of ^Ai is a left H-module M which is also a left H-comodule with a 
structure Am, say, such that 


Xu^dm) = A{d)\M{m) = EE d(i)m(_i) (g) d{2)m(ts) ^ D ®rM 

{d) (m) 


for all d G iA and m G M. 


Morphisms. Morphisms of ^Ai are ZA-module and ZA-comodule maps. 


Given objects M, N in ^Ai, let MHfjN denote the cotensor product; this is by dehni- 
tion the equalizer of the two Z)-colinear maps 

M (g) N^D ® M ® N 

given by the structure maps of M, N, or in other words. 


mdoN = I^J2 


Xi ®yi 


(^*)(0) ®yi = ^ X](2/0(-i) ®Xi® (i/i)(0) 

* Gi) * ivi) 


This is a ZA-submodule of M ^ N, and is further an object in ^Ai. We see that ^Ai = 
{rA4, Dp, D) is a symmetric tensor category. Indeed, the associativity (MDpA^jDpL — 
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MDi){ND£,L) and the symmetry MD^fN ^ ND^fM are induced by those of (d-M, ^r) 

y^mj 0 Oj y^mie{ai), 

i i 

y^aj ®rni^ y^e{ai)mi, 

i i 

whose inverses are obtained by Am- Thus Z) is a unit object. 

For an object V in c-M, dehne 

$(i/) = D®cV. 

This is naturally an object in We thus have an i?-linear functor 

^■cM^ Em. 

Proposition 3.2.1. $ is an equivalence of symmetric tensor categories. 

Proof. By 1261 Theorem 2 and 4], $ is a category equivalence; its quasi-inverse iV i—T (N) 
is given by 

T(A^) = {n e N \ AAr(n) = 1 0 n in D 0 A^}, 
where Xj^ : N ^ D ® N is the structure map on N. It is easy to see that 
T(M) 0 T(A^) —> m ® n m ® n, 

R^^{D), 1 1 

are isomorphisms in cM. We see that the isomorphisms, as tensor structures, make T 
an equivalence of symmetric tensor categories. □ 

Let denote the irreducible component in D containing 1; this is the largest irre¬ 
ducible Hopf subalgebra. If the characteristic chi? of i? is zero, then = U{q), the 
universal envelope of the Lie algebra g = P{D) of all primitives in iA; see [23] Ch. XIII] 
or [ini §5.6]. Let G = G{D) denote the group of all grouplikes in D. 

In what follows we suppose: 

Assumption 3.2.2. D is pointed, so that 

D = D^4fRG, 

the smash product with respect to the conjugate action by G on see |23l Theorem 
8.1.5] or m Corollary 5.6.4]. 


naturally. We have isomorphisms 

MD^D M M, 

Dn^M ^ M, 
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In the following, we take as C a Hopf subalgebra of the form 

C = D{Gi) 

where Gi C G is a subgroup of finite index. The equivalence <I) will be denoted by 
(3.6) <hGi : 

if one needs to specify Gi. 

The vector space R{G/Gi) freely spanned by the set G/Gi of left cosets is a quotient 
left D-module coalgebra of D along the map D = D^ffRG R{G/Gi) which is given by 
the counit e : R and the natural projection G —> G/Gi. Since the map induces an 

isomorphism D ^ i?(G/Gi), left Z)-comodules are identihed with (G/Gi)-graded vector 
spaces: for N G ^M., 

Ar= 0 {Ns = {ne N \\N{n) = s®n}). 

s&G/Gi 

An object in %M. is a left D-module N = 05 gc'/c'j Ng which satisfy that gNg C Ngg 
{g G G, s ^ G/Gi). If M = 0^g(j/Gi another object in then 

MDdN= 0 Mg®Ng. 
seG/Gi 

We have ^ - 036 G/G 1 gDiGi). 

Notation 3.2.3. Here and in what follows, g G G/Gi means that g lies in a hxed system 
of those representatives in G for the left cosets G/Gi which include the neutral element 
1 in G. 


The neutral component Ni = T(A) in A is a Zi)(Gi)-submodule. We have the identi- 
hcation 


geG/Gi 

Here D acts on the right-hand side so that if d G -D^, 

d{g ®n) = g ® {g-^dg)n (n G W), 


and if h G G, 


h{g ®n)=g®tn (n G W), 


where g' is a representative and f G Gi such that hg = g't. Hence, by Proposition 13.2.11 
we have an isomorphism <h(W) = 0ggG/Gi 9 ® Ni ^ N in j^A4, given hy g ® n gn. 
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An algebra A in Ds, -D) is precisely such a D-module algebra that is the direct 

product riseG/Gi -D^-module algebras Ag (s G G/Gi), satisfying gAg C Agg (g G G). 
It is identihed with <h(Ai) = @g^G/Gi 9®^ii which is endowed with the component-wise 
product. We observe that e^, = ® 1 G <h(Ai) are orthogonal central idempotents. 

Let A = <h(Ai) be as above. An Ai-module V in d{Gi)A4 is precisely a module over 
the algebra Ai^D{Gi) of smash product: Ai{.D{Gi)AA.) = Ai#D(Gi)AA.. ‘h(Id) is naturally 
an A-module in this is in particular an A^D-module. 

Proposition 3.2.4. Let Ai he a D[Gi)-module algebra and A = <I)(Ai). The functor 

<h : Ai#d{Gi)A4 —>■ a#dA4 
is an equivalence of R-abelian categories. 

Proof. By Proposition 13.2.11 it suffices to prove that the category A-modules 

in is isomorphic to a{,dA4) = a#dA4- Given N in a#dA4, define Ng = CgN {cg = 
0 1 G A = $(Ai), g G G/Gi). Then N = ®g^G/Gi ^ a{dJ^)- This 

gives the desired isomorphism. □ 

This proposition can be extended as follows: 

Proposition 3.2.5. Let A = <h(Ai) he as above. The functor 

: {ai{d{Gi)AA.)ai,®Ai-,Ai) —i> {a{d-^)A-, ®A-, A) 
is a tensor equivalence. 

Proof For V, IF G aAd{Gi)M)ai, we easily see 

d)(F) 0^ d)(IF) ~ Y, 9®{y®A,W) = 4>(F 0^^ IF) 

gf^GIGi 

{.a{^^AA) Ai ® Ai A'). n 

We see that the functor 4) preserves constants and simple module algebras: 

Lemma 3.2.6. (i) Let V be a D{Gi)-module. Then an isomorphism ^ <h(F)^ 

is given by v ^ EgeG/Gi 9 ®v. 

(ii) Let Ai be a commutative D{Gi)-module algebra. Then Ai is a simple D{Gi)-module 
algebra iff ^{Ai) is a simple D-module algebra. 

Proof, (i) If Jfgg^Vg G <I)(F)^, one sees first Vi G F*", and then Vg = Vi for all g G G/Gi. 
(ii) This directly follows from Proposition 13.2.41 □ 


38 






3.3. Artinian simple D-module algebras 

Let D = D^^RG be a cocommutative pointed Hopf algebra as in the previous section. 
In what follows we further assume: 

Assumption 3.3.1. The irreducible Hopf algebra is of Birkhoff-Witt type. 

This means that every primitive element of D lies in a divided power sequence of 
inhnite length; an inhnite sequence {1 = dQ,di,... ,dn, ■ ■ ■} in is called a divided 
power sequence if A{dn) = J2i=o di®dn-i (see |23l p. 268]). This assumption is necessarily 
satisfied if ch A = 0 (for each primitive d G P{D), {1, d, d'^/2, ..., 5"'/n!,... } is a divided 
power sequence of inhnite length). If chR = p > 0, this is equivalent to the Verschiebung 
map R^/P ® being surjective; see [10]. The assumption is also equivalent to 

saying that D is smooth as a cocommutative coalgebra. 

Moreover this implies that, for a commutative algebra A, the A-algebra Homjj(Zl^, A) 
with the convolution product is the projective limit of power series A-algebras (see [23l p. 
278]). Thus, if A is a domain (resp. reduced), then Hom^(Zl^, A) is also a domain (resp. 
reduced). Furthermore, Homj:{(Zl,A) is isomorphic to the direct product of A-algebras 
isomorphic to Homij(Zl^, A) indexed by G: 

Homj:j(Zl,A) Homfl(i?G, Homj:j(Zl^, A)) Homfl(Zl^, A) 

g&G 

ip [g[dp{dg)]] {[dp{dg)])g. 

Hence, if A is reduced, then Homj:j(Zl, A) is also reduced. (These facts implies that 
and D are convolutionally reduced in the sense of [28l Dehnition 5.2].) 

As in m p. 505], we have the following: 

Lemma 3.3.2. Let A be a D-module algebra and pA '■ A ^ Hom/j(Zl, A) the algebra map 
associated with the structure on A. 

(i) If J <Z A is an ideal, then pjj^(Homfl(Zl, J)) is a D-stable ideal, which is max¬ 
imal among D-stable ideals included in J. Therefore J is a D-stable ideal iff J = 
p-/i}iomn{D,J)). 

(ii) If I C A is a D-stable ideal, then also the radical \/l is a D-stable ideal. 

(hi) If P <Z A is a prime ideal, then (p)^)“^(Hom/{(Zl^, P)) is a prime D^-stable ideal. 
Here p\ : A ^ Hom/j(P^,A) is the algebra map associated with the D^-module algebra 
structure on A. 
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Proof, (i) This is easily seen. 

(ii) Since the algebra A/Vl) ~ HomR(Zi), A)/ \/7) is reduced, we 

have Hom/j(Zi), a/7) is a radical ideal of Hom^(Zi), A). Hence its pull-back a/7)) 

is also a radical ideal. By part (i), it includes I. On the other hand, a/7)) 

is included in \/l. Therefore Vl)) = vT". 

(hi) Since , A/P) ~ Honiij(Zi)/H)/Homij(Zi)^, P) is a domain, Homii;(P^,P) 

is a prime ideal. Thus its pull-back (p\)“7Hom/{(P/ P)) is also prime. □ 

Let P be a P-module algebra and VL{K) the set of all minimal prime ideals in K. Then 
G acts on Q{K). Let G^k^k) denote the normal subgroup consisting of those elements in 
G which stabilize every P G Q{K). 

Proposition 3.3.3. Suppose that K is noetherian as a ring and simple as a D-module 
algebra. Then fl{K) is a finite set. 

(i) The action of G on Q{K) is transitive, so that the subgroups Gp of stabilizers of 
P G Q{K) are conjugate to each other. 

(ii) Every P G Q{K) is D^-stable, so that K/P is a D{Gp)-module domain. This is 
simple as a D{G^(^K))-Tnodule algebra. 

(hi) Let P G Ll{K), and set Ki = K/P. Then we have a natural isomorphism of 
D-module algebras, 

P~<hGp(Pi). 

Proof, (ii) Let p : K ^ Hom/j(P^, K) be the algebra map associated with the P^-module 
algebra structure on K. Put P' = p“^(Hom/j(P^, P)). By Lemma 13.3.21 (hi), P' is a 
P^-stable prime ideal included in P. Then we have P = P' by the minimality of P. 
Hence P is P^-stable. (This also follows from [28l Theorem 5.9 (2)].) 

Let P C J C iP be a P(Gf 7 (^i'))-stable ideal. Then, V\g&G/Gn{K) P-stable, and 

hence is zero. Since P is prime, there exists g such that gJ C P, and so P C J C g~^P. 
By the minimality of g~^P, we have P = J {= g~^P). Thus K/P is a simple D{G^(k))- 
module algebra. 

(i) Let P G n{K). We see 

(3.7) n ^= 0 ’ 

g&G Q&Q(K) 

since the intersections are both P-stable. The hrst equality implies {gP \ g G G} = Ll{K)] 
this proves (i). 
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(iii) By (i), g i—^ gP gives a bijection G/Gp ^ Q{K). If Q and Q' in Q{K) are distinct, 
then (Q C) Q + Q' = K, by (ii). This together with fl3.7l) proves that the natnral map 
gives an isomorphism, 

n n 

Qm{K) g^GjGp 

Obviously, ^Gp{Ki) is isomorphic to the last direct product. □ 

For a commutative ring K in general, we say that K is total iff every non-zero divisor 
in K is invertible. 

Corollary 3.3.4. Let K be a noetherian simple D-module algebra as above. Then the 
following are equivalent. 

(a) K is total; 

(b) K is artinian as a ring; 

(c) The Krull dimension Kdim(iF) = 0, or in other words Q{K) equals the set of all 
maximal ideals in K. 

If these conditions are satisfied, every KffD-module is free as a K-module. 

Proof. Each condition is equivalent to that for any/some P G Ll{K), K/P is & held. The 
last assertion holds true by part (iii) of the last proposition and by Proposition 13.2.41 □ 

Definition 3.3.5. A D-module algebra K is said to be AS iff it is artinian and simple. 
By the corollary above, this is equivalent to that K is total, noetherian and simple. 

For later use we prove some results. The following lemma is a particular case of [28l 
Theorem 3.4]. 

Lemma 3.3.6. Let A be a D-module algebra, and let T (Z A be a G-stable multiplicative 
subset which contains no zero-divisors. The D-module algebra structure on A can be 
uniquely extended to the localization T~^A of A by T. (D^ may not be of Birkhoff-Witt 
type.) 

Proof. Let p : A ^ Ilomji;(D,A) C Ilom/j(D, T“^A) be the algebra map associated 
with the D-module algebra structure on A. For each f G T, we see pit){g) = g{t) are 
invertible in T~^A for all g G G. Hence p{t) {t G T) is invertible in HomR(D,T“^A) 
by [23l Corollary 9.2.4]. This implies that p is uniquely extended to an algebra map 
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p : T Hom(D,T ^A) so that p(l/t) * pit) = e (t ^ T); cf. the proof of [23 

Proposition 1.9]. We have thus obtained the measuring action 

d{a/t) = p{a/t){d) {d E D, a E A, t E T) 

by D on T~^A. It remains to prove that this makes T~^A a H-module. We have only to 
see that 

C(i(l/t) = c(d(l/f)) {c,dED, tET). 

This holds, since the two maps D ® D ^ T~^A, given by c ® d i—>■ cd{l/t) and c® d ^ 
c(d(l/f)) coincide, being the convolution-inverse of c ® d i—> cdt. 

For convenience, we describe how to extend the action of D explicitly. Let tET. The 
action of H on 1 /t is given by: 

d(i/f) = i/d(f) {g e G), 

d(l/t) = ^ ^ ~ £{d{i))t){d{2)t - g(d(2))t) 

(d) 

- ^ ^{dii)t - £(d(i))f)(d(2)f - £(d(2))t)(d(3)f - e{d(3))t) H- (d G D^). 

id) 

We observe that the right hand side of d(l/f) (d G D^) in the equation is a hnite sum by 
the coradical filtration; see the proof of [221 Lemma 9.2.3] or [TBl Lemma 5.2.10]. □ 

Lemma 3.3.7. Let L be an AS D-module algebra, and let K G L be a D-module subal¬ 
gebra. If K is total, then K is AS. 

Proof. Given an element a; 7 ^ 0 in L = npeo(L) define the support of x by 

(3.8) supp(a;) = {P E Il{L) \ x ^ P}. 

One sees that x is a non-zero divisor iff supp(x) = r2(L). 

Choose an element x 7 ^ 0 in iF with minimal support. Then for g E G, the supports 
supp(x) and supp( 5 fx) are either equal or disjoint, according to xigx) being non-zero or 
zero. By Proposition 13.3.31 (i), we have those elements x, gix, ..., prX in K with disjoint 
supports, whose sum is a non-zero divisor. Let y be the inverse of the sum; this is 
indeed in K, since K is total. We see that e := xy is a (primitive) idempotent in K 
with supp(e) = supp(x). By the minimality of the support, each non-zero element in eK 
has supp(x) as its support, and hence has an inverse in eK, just as x above. We have 
K = 111=1 diciF, the direct product of the fields PieK] this proves the lemma. □ 
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Corollary 3.3.8. Let A be a D-module subalgebra in an AS D-module algebra L. 

(i) Every non-zero divisor x in A has full support: supp(x) = Q{L) (see US. 8 \) ). 

(ii) Let K = Q{A) denote the total guotient ring of A; this is realized in L by (i). Then 
K is an AS D-module subalgebra of L. 

Proof. Let T be the set of all non-zero divisors in A. Then, K = T~^A. 

(i) Choose an x G T such that supp(x) is minimal in {supp(t) \ t E T}. If supp(x) 7 ^ 
Ll{L), then there is a. g E G such that supp{gx) fl supp(x) = 0, which implies x{gx) = 0, 
a contradiction. 

(ii) Let pl : L ^ Hom(Zi), L) be the algebra map associated to the D-module algebra 

structure on L. It restricts to p : A ^ Hom(D, A) associated to A. If t E T, pL^l/t) is 
the inverse of p{t) in Hom(D,L), and hence is contained in Hom(D,T“^y4) by the proof 
of Lemma [3.3.61 This implies that K (= T~^A) is a D-module subalgebra of L. K is AS 
by Lemma 13.3.71 □ 

3.4. Sweedler’s correspondence theorem 

Let K C A be an inclusion of D-module algebras. Then A A has a coalgebra 
structure in the symmetric tensor category {a{,dAA)ai®a-i A) given by 

A : A ®K A^ {A A) (g)^ {A ®k A), a 0 6 (a 0 1) 0 (1 0 6 ), 

£ : A ®K A ^ A, a ® b ab. 

In particular A ®x A is an A-coring (a coalgebra in {aAA. a, ® Ai A), the category of 
(A, A)-bimodules); see [ 2 l]. The next theorem is an analog on AS D-module algebras of 
Sweedler’s correspondence theorem [2H Theorem 2.1], which play a key role to obtain the 
Galois correspondence later. 

Theorem 3.4.1. Let K G L be an inclusion of AS D-module algebras. Let Cl/k the 
set of all D-stable coideals of L ®k L and Al/k the set of all intermediate AS D-module 
algebras of L/K. 

(i) For M E Al/k, we have Jm '■= Ker(L ®k L ^ L ®m L) E Cl/k- 

(ii) For J E Cl/k, let k : L ®k L ^ L ®k Lf J be the canonical surjection. Then 
Mj := {a e L I a7r(l 0 1) = 7r(l 0 l)a} G Al/k- 

(iii) The correspondence 







is bijective. 


Proof, (i) Both L ®k L and L ®m L are coalgebras in L) and obvionsly 

L -h-»L®M-hisa D-linear L-coring map. Hence its kernel Jm is a D-stable coideal 
of L L. 

(ii) We easily see that Mj is a snbalgebra of L which contains K. For any d & D and 
a G Mj, we have d{a)7r{l (8) 1) = d{a7r{l (g) 1)) = d{7r{l (g) l)a) = 7r(l (g) l)d{a). Thns Mj is 
a D-modnle snbalgebra of L. Let t be a non-zero divisor in Mj. By Corollary 13.3.81 (i), t 
is invertible in L. We see t“^7r(l (g) 1) = t“^7r(l (g) (g) l)t~^ = 7r(l (g) 

and hence t~^ G Mj. This implies that Mj is total. Therefore Mj is an intermediate AS 
D-module algebra of L/iF by Lemma [3.3.71 

(hi) Take an M G Al/k- For all a G M, we have a(g)l — l(g)a G Jm- Hence M C Mjj^. 
By the dehnition of Mj^, one sees Mjj^ ®m Mjm — ^Jm ®m M. Since Mj^ is an 
M^D-modvle, it is a free M-modnle (see Corollary 13.3.41) . Hence = M. 

Conversely, take J G Cl/k- Let ^ : L ®Mj L ^ L L/J, a (g) 6 h-> a7r(l (g) 1)6, which 
is a snrjective H-linear L-coring map. Then we have Jmj C J by chasing the following 
commntative diagram: 

0 ->• Jmj - L ®K L ->■ L ®Mj L ->■ 0 (exact) 

0 -> J -> L®kL ->• L®kL/J -^ 0 (exact). 

If we prove that ^ is injective, then J = Jmj follows. 

For a hxed P G fl(Mj), pnt M' = Mj/P (= ^Gp(Mj)), L' = LjPL (= ^Gp(L)), and 
C = 4/gp(L L/ j) = (L L/ ■J)ei = ei(L -L/ J)ei (where ei G Mj is the primitive 
idempotent snch that M' = MjCi). Then C is a coalgebra in {l'{d{Gp)-M)l',®l', L') by 
Corollary 13.2.51 It snffices to prove that = \kGp(0 • L' ®m' L' —>• C is injective. 

Regarding C merely as an L'-coring, let 2t be the category of right C-comodnles in 
L')- Then 21 is an abelian category since C is a left free L'-modnle. L' has 
a natnral C-comodnle strnctnre given by 

X : L' ^ L' (g)£/ C C, a H-^ 7r(l (g) l)a (= ei7r(l (g) l)eia). 

We see Enda(L') ^ M', f i—^ /(I) is an algebra isomorphism. (/ G EndM^L') is a C- 
comodule map iff /(l)7r(l 0 1) = 7r(l (g) 1)/(1).) On the other hand, Hom 2 i(L', C) ^ L', 
f H->• (e o /)(1) is an M'-modnle isomorphism whose inverse is given by a h-^ [6 i—*• 
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a7r(l ® 1)6], Indeed, for / G Hom 2 t(L', C), 

(£ o /)(l)7r(l 0 1)6 = (e o /)(1)A(6) = (s o f)(l)^b(o) ® 6(i) 

(b) 

= ° /)(^o) &(i) = ((£ ® id) o (/ ® id))(A(6)) = (e ® id)(Ac(/(6))) = f{b). 

(b) 

We will show that L' is simple in 21, concluding that is injective by Proposition 13.1.11 
Every simple subobject of L' is of the form eL', where e is an idempotent of L'. Since A 
is Il(Gp)-linear, we see that g{eL') is also a simple object for each g & G. Each g{eL') 
coincides or trivially intersects with eL' since g{eL') fl eL' is also a right C-comodule. It 
follows from Proposition 13.3.31 (i) that L' is semisimple in 21. But the endomorphism ring 
End2t(P0 — is a held. This implies that L' is a simple object in 21. □ 

Example 3.4.2. Let i? = Q and D = Q[r, t“^], the ring of linear difference operators. Take 
a = e Sc as in Introduction. Then Q = Q(l, 1) C L = Q(\/5, a) x Q(\/5, a) 

(where r(l, 0) = (0,1), r(0,1) = (1, 0), L^ = Q(v^) = Q(a/5)(1, 1)) is an inclusion of AS 
D-module algebras. Write ei = (1,0), 62 = (0,1) G L. Then Al/q and Cl/q correspond 
as the following: 


Al/q 

Cl/q 

L 

Span^j ^{\/5 (g) 1 — 1 ® a/s, ei 0 62, 62 0 ei, a ® 1 — 1 (g) a} 

Q(\/5,Q:) 

Span^^ ® 1 — 1 (g) \/5, a (g) 1 — 1 ® a} 

Q(v^) X Q(V 5 ) 

Span^j^ld (g) 62, 62 (g) 61, \/5 (g) 1 — 1 (g) \/5} 

Q(a) 

Span^ i^{a (g) 1 — 1 (gi a} 

Q(V 5 ) 

Span^j^jv^ (g) 1 — 1 (g) a/5} 

QxQ 

Span^j^{6i ® 62, 62 ® 61} 

Q 

0 


We will see that L/Q is not a Picard-Vessiot extension but L/Q{^/5) is. 

3.5. Galois correspondence for Picard-Vessiot extensions 

Let iL C A be an inclusion of H-module algebras. Then A ®k A has an algebra 
structure naturally and become a H-module algebra since D is cocommutative. Thus 
{A A)^ is a iL-^-subalgebra of A A. 

Definition 3.5.1. Let iL C L be an inclusion of AS D-module algebras. We say that 
L/K is a. Picard-Vessiot, or PV, extension if the following conditions are satished: 

(a) = L^] this will be denoted by k. 


45 
















(b) There exists a D-module subalgebra A (Z L including K, such that the total 
quotient ring Q{A) of A equals L, and the fc-subalgebra H := {A®kA)^ generates 
the left (or equivalently right) A-module A ®k A ■ H = A A (or H ■ A = 
A A). 

Proposition 3.5.2. Let LjK be a PV extension of AS D-module algebras and take A, H 
as in the condition (b) above. 

(i) The product map p. : A^^H —>■ A®k^, p{a®h) = a-h is a D-linear isomorphism. 

(ii) The A-coring structure maps A,e: of A ®k A induce k-algebra maps Ah : H —> 

H ®k H, Eh '■ H k. Then {H, Ah,Sh) becomes a commutative Hopf algebra over k. 
The antipode is induced from the twist map tw : A A ^ A a ® b b ® a. 

(hi) The k-algebra map 6 : A ^ A®kH, 9{a) = /i“^(l®a) makes A a right H-comodule. 
A/K is necessarily a right H-Galois extension [161 Sect. 8.1] in the sense that 

aO : A ®K A ^ A ®k H, Ad{a ®b)= a9{b) 

is an isomorphism. A Hopf algebra structure on H with this property is unigue. 

(iv) Such an algebra A that satisfies the condition (b) above is unigue. 

Proof, (i) By Corollary 13.1.41 the natural map L ®k {L ®k A)^ —^ L ®k A is injective. 
Since the map p is its restriction, it is injective. On the other hand, p is surjective by the 
condition (b). Note that this can be uniquely extended to an isomorphism L ®k H A, 
L ®K A. 

(ii) Since A^ = /c by the condition (a), £ maps H into k. The twofolds of p\ 

ip ■. A®kH ®kH A®k A ®kH A®k A ®K A 

is a H-linear isomorphism. This induces an algebra isomorphism (fi := id®p\H 0 f.H '■ 
H®kH kA [A®k A®k A)^. Similarly the threefolds of p induces an algebra isomorphism 
ip 2 : A, (A®kA®kA®kA)^. Since A : A®kA {A®kA)®a{A®kA) ~ 

A ®H A ®H A maps H into {A ®h A ®k A)^, a fc-algebra map Ah '■ H ^ H ®k H is 
induced by Ah = iff^ o A\h. We see 

ip 2 o (Ah ® idn) o Ah = {A® id) o ip^ o Ah = {A® id^) o A|h, 
ip2 o (idn ®Ah) o Ah = (id ®A) o (pi o Ah = (id^ ® A) o A\h. 

Then we have {AH®id)oAH = (id ®Ah)oAh by the coassociativity of A. The counitary 
property is easily seen. Therefore {H, Ah,Sh) is a commutative bialgebra. Since D is 
CO commutative, tw maps H into H. Put S = tw |/f. For w = «() ® (&( ® &i) G 


46 






H ®k H, we see 

ipi{w) = ® a[b[ ® bi, m{{id®S){w)) = '^aih ® a% 

i i 

where m denotes the multiplication of H. Thus, for h = ai®bi ^ H, 

m((id®5')(Aiy(h))) = m((ida* ® 1 ® bi))) = "^aibi ® 1. 

i i 

This implies id ♦S' = mo (id ®S) o Ah = ue where u : k ^ H is the unit map of H. We 
have S' ♦ id = we similarly. Therefore S' is the antipode of H. 

(iii) We see 

(93 o (0 ® id) o 0 ) (a) = 1 ® 1 ® a = {A o jj, o 9)[a) = {(p o (id ®Ah) o 6 ) (a) 
for all a G A. Thus we have (6* ® id) o 6* = (id ®Ah) o 6. On the other hand, 

(id<8 i£h) o6 = eop,o6 = id. 

Therefore {A, 6) is an if-comodule. The map a(^, being is an isomorphism. Since 
this interprets 6 into the natural right A A-comodule structure A ^ A [A ®h A) — 
A (g)x A, a H->■ 1 ® a on A, we see the described uniqueness of the structure on II. 

(iv) This follows in the same way as m Lemma 2.5]. We include the proof for conve¬ 

nience. If A, B satisfy the condition (b), then also AB satisfy it. Thus we may assume 
A C B. Put Ha = {A A)^, Hb = {B B)^, the corresponding Hopf algebras. 
Then Ha is a Hopf subalgebra of Hence Hb/Ha is a faithfully flat extension (see 
[25] Theorem 3.1] or [29l Ch. 14]). The extension [L ®k B)/{L ®k A) is identihed with 
{L Hb)/{L (8)fc Ha) through the p-isomorphism. It follows that B/A is a faithfully 
flat extension since L is a free iL-module. Hence aA = aB fl A for all a G H since the 
canonical map A/aA —> B 0^ [A/aA) ~ B/aB is injective. For any b ^ B, there exists 
a non-zero divisor a E A such that ab G A. Since ab G aB fl H = aA and since a is a 
non-zero divisor, b E A follows. Therefore we have A = B. □ 

Definition 3.5.3. A (resp., H) is called the principal algebra (resp., the Hopf algebra) 
for L/K. To indicate these we say that {L/K, A, H) is a PV extension. The associated 
affine group scheme G{L/K) := SpecH is called the PV group scheme for L/K. 

Theorem 3.5.4. Let L/K be a PV extension of AS D-module algebras with the Hopf 
algebra H. Let Al/k be the set of intermediate AS D-module algebras of L/K and HIh 
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the set of all Hopf ideals of H. Then Al/k o>nd TLXh correspond bijectively as follows: 
AijK —^ XCIhi M I —> H n Ker(Z; L —> L ®m L), 

HIh Al/k, I^{xeL\x®l — I®xel-{L ®k L)}. 

This theorem is obtained as the composite of 1-1 correspondences given by Theorem 
13.4. II and the next proposition. For a commntative algebra A (resp. a H-modnle algebra 
B), let T{A) (resp. Id{B)) denote the set of all ideals of A (resp. H-stable ideals of B). 

Proposition 3.5.5. Let {L/K, A, H) be a PV extension. 

(i) T{H) and Td{L ®k L) correspond bijectively as follows: 

T{H) —> Td{L ®k L), I ^ I ■ [L ®k L), 

Id{L®k L) J^JnH. 

(ii) Under the correspondence, J is a D-stable coideal iff I is a Hopf ideal. 

Proof. This follows in the same way as [23 Proposition 2.6]. We inclnde the proof for 
convenience. 

(i) Since L is the total qnotient ring of A, we have Td{L ®k L) C Td{A ®k A). 
Fnrthermore, Xd{L ®k A) CiXoi^A ®k L) = Xd{L ®k L) in Xd{A ®k A). Considering the 
//-isomorphism, we claim the map 

X{H) —>■ XdI^A ®if, H) — Xl)(^A ®x A), I ^ A 0 ^ I ^ I ■ (A ®x A) 

is injective with the image Xd{L ®k H) ~ Xl,{L ®k A). The injectivity is clear. Since 
A®kl = {L®kI)r\{A®kH), the image is contained mXL,{L®kH). Then it snffices to prove 
that every H-stable ideal of L®kH is written as L®kl by some I G X{H). Let a C L®kH 
be a H-stable ideal and take the canonical map (f : H —> {L ®k H)^ ((L 0^ iL)/a)^. 

Pnt / = Ker(p = a fl FT, an ideal of H. Since L 0^ ((L 0^. H)/a)^ —>• (L ®k H)/a is 
injective fCorollary 13. 1.4p . we have a = L 0^ / by chasing the following diagram: 

0 -^ L®kl -^ L®kH L ®k {{L ®k H)/ a)^ -^ 0 

0 -> a -^ L ®k H - {L ®k H)/a -> 0. 

Then the claim is proved. By symmetry, we see the image of X{H) —> Xd{A ®k A) is also 
eqnal to XD(/40ii:L). It follows X£)(L0x^) = Xd{A®k L) = Xd{L®k L) 'm.XD{A®K A), 
proving (i). 

(ii) By the similar discnssion to (i), we have that X{H ®k H) and Xl>{L ®k L ®k L) 
correspond bijectively. If J in (i), then I ®k H ^ J ®k L and H ®k I <->■ L ®k J ■ 
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Therefore, Ah{I) G I <^k H + H <^k I iS AJ C J ®k L + L ®k J■ On the other hand, 
Ker((L®/^L)®i(L®/fL) —>■ {L®kL/ J)®l{L®kL/ J)) = J ®l{L®k L) + {L®kL)®lJ = 
J ®K L + L ®K J holds since J, L ®k L, and J ®k Lj J are free L-modules. It follows that 
J is a biideal of if iff J is a D-stable coideal of L ®k L. It is known that every biideal of 
a commutative Hopf algebra over a field is a Hopf ideal (see m Theorem 1 (iv)]). □ 

Actually, Id{A ®k A) = To{L ®k L) holds in the above (replace L with A in the proof 
of (i) and use Proposition 13.5.91 (i)). 

Example 3.5.6. In Example 13.4.21 if we put K = Q(a/5), then LjK is a PV extension. 
The principal algebra and the Hopf algebra are given by A = K[a^a~^] x K[a,a~^] and 
H = K[gi^ g 2 ] with grouplikes gi = a®a~^, g 2 = (ei — 62 ) ® (ei — 62 ). In this case, Al/k, 
Clik, 'HIh correspond as follows: 


Al/k 

Cl/k 

niH 

L 

Span^j;^{ei ® 62 , 62 0 Ci, a ® 1 — 1 ® a} 

= {gi - 1,5-2 - 1 ) 

K{a) 

Span^^j^ja ® 1 — 1 ® a} 

(^1 - 1 ) 

K X K 

Span^j;^{ei ® 62 , e 2 ®ei} 

to 

1 

K 

0 

0 


Proposition 3.5.7. Let (L/ K, A, H) he a PV extension. Suppose Al/k 3 M ^ I E LLTh 
in Theorem 3. 5.4\ 

(i) {L/M,AM,H/I) is a PV extension. 

(ii) g ^ I — a ® 1 e A ®k 1} = An M, and the /i-isomorphism 

A®k H LU A ®K A induces an isomorphism A ®k Tk A ®x (A n M). 


Proof, (i) We have an isomorphism L®^ H/1 L®m AM by considering the following 

diagram: 


L®kl 


L 


H 


I ■{L®k A) 


L ®x A 


L®kH/I -> 0 

A 

^ L®m am -> 0 . 


Restrict the diagram as 

0 -> AM ®k I 

u 

0 -> I ■ {AM ®K A) 


AM ®k H 

AM ®K A 


AM®kH/I -> 0 

A 

AM ®M am -> 0. 
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Since AM®k^ = {AMK) ■ H , we have AM®mAM = AM-{AM®mAM)^ through 
the surjection AM A —> AM AM . On the other hand, jl induces an isomorphism 
H/I {AM ®M AM)^ of Hopf algebras. 

(ii) This follows by considering the next diagram: 

0 -- A®K{An M) -- A ®K d r A ®K am ®m AM 

I 

0 - ^A®kA^°^^^ - ^ A®k d - r A®k f^/T 

A . . 

0-- A®kH^°^^^ - ^ A®,, H -r d ®,, H ®f, H/T. 

□ 

Let iL be a commutative Hopf algebra over k. It is known that normal Hopf ideals I 
of H and Hopf subalgebras Hi G H correspond bijectively by Hi = 
and / = HHi (see BSl). Let (V, A) be a right LT-comodule in general. If we put 
Vi = A“^(H ®k Hi) {= then we have A(l/i) C Vi ®k Hi. Indeed, write A{v) = 

® hi ®k Hi for n G Hi, where hi are fc-linearly independent. Then 

(^0(1) <^hi = '^'^Vi® (hi)(i) ® {hi)(2) eV ®k Hi ®k Hi. 

i {vi) i {hi) 

This implies Vi G Hi. As in Theorem 2.9], we have the following proposition. 

Proposition 3.5.8. Let {L/K, A, H) be a PV extension and Hi G H a Hopf subalgebra. 
Put I = HHf and Ai = 6~^{A ®k Hi) = . Let Li be the total quotient ring of Ai 

so that Li is an intermediate AS D-module algebra of L/K. 

(i) (Li/iL, Ai, LTi) is a PV extension. 

(ii) I is the Hopf ideal of H which corresponds to Li. 

(hi) Hi I—>■ Li gives a 1-1 correspondence between the Hopf subalgebras of H and the 
intermediate AS D-module algebras which are PV extensions over K. 

Proof, (i) Since 0{Ai) G Ai ®k Hi, we have fi{Ai ®k Hi) D Ai ®k Ai. Consider A ®k A 
as a right iL-comodule by the structure map id ®0. Then the inclusion H ^ A ®k A is 
an iL-comodule map; recall that, for h = J2i h E H = {A ®k A)^ , 

^{h) = '^ai®K /i“^(l <^K h) = '^ai®K 0{bi). 
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Thus Hi C A ®K 0~^{A Hi) = A ®k Ai. Also we have Hi = S{Hi) C tw(A 0k Ai) = 
Ai 0K A. Hence Hi C Ai 0 k Ai and so //(Ai 0k Hi) C Ai 0 k Ai. This implies that 
fi : A 0k H ^ A 0K A induces a D-linear isomorphism Ai 0k Hi ^ Ai 0 k Ai. Therefore 
Hi = {Ai 0K Ai)^ and Ai 0 k Ai = Ai • Hi. 

(ii) Let M be the intermediate AS D-module algebra of L/K which corresponds to I. 
Then M D A fl M = i^y Proposition 13.5.71 (ii). Since Li is the smallest AS 

D-module subalgebra of L which includes Ai, we have Li C M. Let I' be the Hopf ideal 
which corresponds to Li. Then I = HH^ C iL fl Ker(L 0k L L 0^,^ L) = I' since the 
counit £ ; —>■ /c is a restriction of mult : Ai 0k Ai —^ Ai. Thus we have Li D M. 

(hi) Let Li be an intermediate AS D-module algebra of L/K such that {Li/K, Ai, Hi) 
is a PV extension. Since A 0k A = A ■ H and Ai 0k Ai = Ai ■ Hi, we have AiA 0k 
A iA = AiA ■ HiH. This implies that AiA is the principal algebra for L/K and hence 
AiA = A by Proposition 13.5.21 (iv). Thus Ai C A and Hi (Z H, a. Hopf subalgebra. 
Since the /i-isomorphism Ai 0k Hi ^ Ai 0 k Ai induces a left A-module isomorphism 
A0k Hi ^ A 0K Ai, we have Ai = d~^{A 0k Hi). This proves (iii). □ 

Finally in this section, we prove two important properties on principal algebras which 
are used later. 

Proposition 3.5.9. Let {L/K, A, H) be a PV extension. 

(i) A is simple as a D-module algebra. 

(ii) A contains all primitive idempotents in L. 

Proof, (i) The following proof is essentially the same as that of [271 Theorem 2.11]. 

Let 0 ^ / C A be a H-stable ideal. Since L 0k I E Xd{L 0k A), there exists an 
ideal a G X{H) such that L 0k I = a ■ {L 0k A) by the proof of Proposition 13.5.51 (i). 
But IL = L since L is simple and hence L 0k IL = L 0k L. This implies that the 
D-stable ideal of L 0k L which corresponds to a is L 0k L. Thus a = H. Therefore 
L 0K I = H ■ {L 0K A) = L 0K A, concluding I = A. 

(ii) Since L is a localization of A, we have fl{L) C r2(A) via P i—P fl A. We see 
A C A/P n A. It remains to prove that if P 7 ^ Q in Ll{L), then the sum 

J := PnA + QnA equals A. If J C A on the contrary, one sees as in the proof of 
Proposition 13.3.31 (ii) that J = PnA = QnAby Part (i), and so P = Q. □ 

Remark 3.5.10. Before the version four of this article, the following assertion was written 
in this place (as a lemma): 
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Let K be a finite product of fields and A a commutative K-algebra. Let T be a multi¬ 
plicative subset of A which has no zero divisors and put L = T~^A. Then every separable 
K-subalgebra of L is included in A. 

But this is false (the sentence “the proof can be reduced to the case that A is a domain” 
in the proof was wrong). The following is a counter example. Let A = C[X,Y\/{XY) 
and L the total quotient ring of A. Then A has no nontrivial idempotent. But L has a 
nontrivial idempotent X/{X + Y). Excuse me for making such a mistake and I hope the 
reader of old versions was free from the wrong argument. 

3.6. Translation into affine group schemes 

For an inclusion of D-module algebras K G A, let Aut^) j^_aig(A) denote the group of 
D-linear iL-algebra automorphisms of A. Let Aut^) 3 '_aig(A) denote the associated group 
functor over k = it associates to each commutative /c-algebra T the automorphism 
group Auto 7 ^ (gij. r-alg(A®fcT), where T is considered as a D-module algebra by the trivial 
action dt = e{d)t {d & D, t & T). As in [23 Appendix], we have the following: 

Theorem 3.6.1. Let {L/K, A, H) be a PV extension and G{L/K) = SpeciL the PV 
group scheme. Then the linear representation (j) : G{L/K) —> GL(A) arising from the 
H-comodule structure 6 ■. A ^ A®^ H gives an isomorphism G{L/K) ^ Auto,A-alg(A) 
of affine k-group schemes. In particular, G{L/K){k) ~ Auto,A'-alg(A) = Auto, A'-alg(-^)- 

Proof. Let T be a commutative fc-algebra. For a G G{L/K)(T) = A\gj^{H,T), 0t(q:) is 
given by 

0r(a) : A®kT A®kT, a 0 1^ a(o) 0 a(a(i))t. 

(a) 

We easily see G Auto,;^' r-alg(A 0 fc T). We will construct the inverse : 

Auto,R'-aig(A) ^ G{L/K). For an element fl G Auto,^'oj, T-alg(A 0 ^ T), let de¬ 
note the left A-linear extension of : A —»• A®kT. Namely, aP '■ A 0^ A ^ A ®kT, 
a®b ^ aj3(b 0 1). Consider the H-linear A-algebra map 

A®kH ^ A®k A A ®kT. 

We see this maps the constants H into T. Then we have a fc-algebra map ipTifi) '■= 
{Afdojj.)^ = aPIh e A\g,^{H,T) = G{L/K){T) so that (id^ 0i/’t(/3)) = f3\A. This gives 

a homomorphism ip : Auto,A-alg(A) —> G{L/K). Indeed, for /d ,7 G Auto, A (g)fc T-alg(A0A; 
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T), 

(7o/5)(a® 1) = ^7(0(0) ® l)7pTi/3){a^i)) = ^ a(o) ® ^/’T(7)(a(i))^r(/3)(a(2)) (a e A). 

(a) (a) 

One easily sees (pT o ipT = id. For a G G(L/iF)(T), we see a4>t{c() = (e ® a) o (id®6*) 
where £ : A ®k A ^ A^ the counit, and hence A</>T(a)|H = ® a) o A// = a. This 

implies 'ipT o (pr = id. □ 

Theorem 13.5.41 and Proposition 13.5.7113.5.81 can be translated as follows. 

Theorem 3.6.2. Let LjK he a PV extension of AS D-module algebras. 

(i) If M is an intermediate AS D-module algebra of LjK, then L/M is also a PV 
extension and the PV group scheme G{L/M) is identified with a closed subgroup scheme of 
G(L/K). Then intermediate AS D-module algebras of L/K and closed subgroup schemes 
of G{L/K) correspond bijectively by M ^ G{L/M). 

(ii) Under the correspondence above, M/K is a PV extension iff G{L/K) > G{L/M). 
If this is the case, we have an isomorphism G{M/K) ~ G{L/K)/G{L/M) of affine group 
schemes. 


3.7. Copying and interlacing 

In this section, we investigate how PV extensions change through the functor 4) and T 
described in Section [321 

First we easily see the following: 

Lemma 3.7.1. Let Gi <Z G he a subgroup of finite index. Write <F = <Fgi. Let Ki C Li 
he an inclusion of AS D{Gi)-module algebras. Then {Li/Ki, Ai, H) is a PV extension 
iff {^{Li)/^{Ki),^{Ai),H) is a PV extension of AS D-module algebras. 

Proof. This follows by Proposition 13.2.5! and Lemma 13.2.61 □ 

Remark 3.7.2. Let iP C L be an inclusion of AS H-module algebras. Choose p G D{K), 
and let Pi,...,Pr be all those elements in Q{L) that lie over p. Dehne Ki = K/p, 
Li = L/pL = Y\fi=iLlPi- Then we have an inclusion Ki C Li of AS Zl(Gp)-module 
algebras such that the induced inclusion <Fg'p(A'i) C <Fgp(Li) is identihed with K (Z L. 
We can thus reduce to the case where iP is a held, especially to discuss PV extensions by 
Lemma 13.7.11 
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Example 3.7.3. Let Gi C G be a normal subgroup of finite index. Let 77 be a D-module 
field. Regarding this as a i7(Gi)-module algebra, define L = We then have the 

inclusion 

K^L= g®K, X I —»® g~^x 

g&G/Gi g 

of AS D-module algebras. If , then (=: k) by Lemma 13.2.61 (i). 

Moreover, {L/K, L, H) is a PV extension with H = 7(G/Gi)*, the dual of the group 
algebra k{G/Gi). In fact, we see that the elements 

eg\= ^ {h®l)®K{hg®l) {geG/Gi) 

/leG/Gi 

in L L are D-invariant, and behave as the dual basis in H of the group elements g 
(e G/Gi) in k{G/Gi). Namely, A(eg) = Y.y,egh-i ® eh, e{eg) = Si^g, S{eg) = e^-i. The 
/7-comodule structure 6* : L —> L 0*, 7/ is given by 

9{h ®x) = ''^ihg~^ ® gx) <S>k eg, 
g 

as is seen from following computation in L L\ 

l®K{h®x) = hx)0K{h®l) = ®gx)®K{h®l) = ®gx)-eg. 

f g g 

Proposition 3.7.4. Let {L/K, A, H) be a PV extension of AS D-module algebras. Choose 
arbitrarily P G Ll{L), and write <h = $Gp- Let p = P f] K (e 72(77 )). Define 

Ki = 77/p, Ai = A/P n A, Li = L/P. 

Then, 

(i) A ~ <h(Ai). 

(ii) <h(77i) is identified with the K-subalgebra K of L which is spanned over 77 by the 
primitive idempotents in L. 

(hi) {Li/Ki, Ai, H = H/I) is a PV extension of D{Gp)-module fields, where I = 
H n Ker(L L ^ L ®p- L); cf. [201 Corollary 1.16]. 

(iv) The subalgebra of H 

B = {heH \ A{h) = h®l mod H ®k /} (= 

is a separable k-algebra. We have a right H-colinear B-algebra isomorphism H ' 2 :^ B®kH. 
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(v) If Gp is normal in Gp, then B <Z H is a Hopf subalgebra which is isomorphic to 
k{Gp/Gp)*, and we have an extension 

k{Gp/Gpy 

of Hopf algebras; cf. [201 Corollary 1.17]. 

Proof, (i) This follows from Proposition 13.5.91 

(ii) This is easy to see. 

(iii) By Proposition 13.5.71 (i), we have a PV extension 

{L/k,A,H) = mLy/^Ky,^Ay,H). 
part (iii) now follows by Lemma [3.7.11 

For the remaining (iv), (v), we may snppose that iC is a held and so p = 0, Gp = G by 
Remark 13.7.21 

(iv) By Proposition 13.5.71 (ii), we see R 0^ R ~ R K. Since this is a separable 
A-algebra, R is a separable fc-algebra by [TJ Ch. II, Proposition 1.8]. 

Recall that A has the natnral, right if-comodnle /c-algebra strnctnre A -~ 

A H] in fact, A is also a left 77-comodnle /c-algebra. We see that the map 

(3.9) a : <F(Ai 0k k) = A0f. A ^ A 0 k A 

given hy g0 {a 0Kb) e-> {g0a) 0 k (<7® 5) {g G G/Gp) is a H-linear, two-sided Lf-colinear 
/c-algebra splitting of A 0k A —> A0f. A. The indnced : 77 —> if is a two-sided 
.^-colinear i-algebra splitting of ii —> if. It follows by [Ml Theorem 7.2.2] that 

(3.10) B 0k H ^ H, b0x^ba^{x) 

gives a right if-colinear R-algebra isomorphism. 

(v) If Gp is normal in G, then {k/K,k,k{G/Gp)*) is a PV extension by Example 

13.7.31 Hence the assertion follows from Proposition 13.5.81 □ 

Theorem 3.7.5. Let K G L be an inclusion of AS D-module algebras. Choose arbitrarily 
P G kl{L), and let p = P P K (g Ll{K)). Then LjK is a PV extension if 

(a) Gp is normal in Gp, and 

(b) the inclusion Ki := K/p C Li := L/P of D{Gp)-module fields is a PV extension. 

The converse holds true if the field (= ) of D-invariants is separably closed. 
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Proof. This follows by slightly modifying the last proof, as follows. We may suppose that 
K is a. field. 

Suppose that {Li/Ki, Ai, H) is a PV extension. Define A = <h(Ai) with $ = ^Gp- 
Recall from Proposition 13.7.41 that if L/K is PV, the principal algebra must be A. As was 
seen in the last proof, A A is a right 77-comodule 7-algebra and the map a given in 
fl3.9p induces an 77-colinear 7-algebra map : H —> A)^. Again by |T6l Theorem 

7.2.2], we have a D-linear and 77-cohnear isomorphism 

A (Dx $(77) ~ A 0K A 

of algebras over A $(A"); see fl3.10p . It follows that L/K is a PV extension iff the 
natural injection 

(3.11) A®fc(A®^$(77))^ ^ A®^$(77) 

is surjective. If Gp is normal in G, then this is surjective since by Example 13.7.31 A 0^ 
($(A) $(77))^ —> A $(77) is already surjective. 

To prove the converse, we may suppose (b) by Proposition 13.7.41 (iii). and that the map 
given in fl3.11l) is an isomorphism by the argument above. It follows that 

dimfc(A = [G-.Gp]. 

If 7 is a separably closed field, then B = {A $(77))^ is isomorphic to 7 x • ■ ■ x 7, 
the product of [G : Gp] copies of 7. The isomorphism (13.111) induces a 71(Gp)-linear 
isomorphism 

Li R ^ Li ®K $(i^) ^ $(i^i) = L. 

Thus all primitive idempotents in L are fixed by the action of Gp and hence Gp = Gf 2 (£,). 
This implies that Gp is normal in G. □ 

As will be seen from the following, the second half does not necessarily hold true unless 
7 is separably closed. 

Example 3.7.6. Let G = = {1, a, cr^, r, err, cr^r} be the dihedral group of order 6 

(cr^ = 1, = 1, err = rcr^), Gi = {1, r} C G, and D = QG. Put 7 = Q, 77 = Q(a/—1), 

and identify Gi with Gal(77/7). Then G acts on 77 so that aa = a for all a & K. Take the 
system of representatives {1, cr, cr^} for G/Gi and let L = $Gi( 77) = l®77-|-cr®77-|-cr^®77. 
Then L/K is a PV extension of AS 71-module algebras with the Hopf algebra 

H = Q[^i, ^ 2 , zf\/{zi + Z 2 -l,zl- Z 2 , zl - 1 - 2:2, 2:22:3 - ^3) 
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where e{zi) = Su {i = 1, 2, 3) and 


A(zi) = 2:1 ® 2 ;i + -Z2 ^Z2 + -Z3 (g) Z3, 

A{z 2) = Zi^Z2 + Z2<^ {zi + ^Z2) - ^Z^ ® ^ 3 , 

A(^3) = Zi® Z‘i-]^Z2® Z2. +Z‘i®{zi-]^Z2). 

Indeed, a Hopf algebra isomorphism H —> (L ®k L)^ is given by 

Zi (1 ® 1) ®K (1 (g) 1) + (cr ® 1) ®K (cr (g) 1) + (a^ ® 1) ®K ® 1), 

2:2 (1 ® 1) (g)i^ (a (g) 1 + (T^ g) 1) + (a (g) 1) (g)i^ (1 ® 1 + (T^ (g) 1) 

+ (a^ (g) 1) (g)^ (1 ® 1 + a (g) 1), 

Z'i -\/AI(l ® 1) ®K (a (g) 1 - ® 1) + \/^(cr ® 1) ®K (1 (g) 1 - (T^ ® 1) 

- ® 1) ®K (1 ® 1 - a ® 1). 


The PV gronp scheme G{L/K) = Specif is a twisted form of Z/3Z (see [29l (6.4)]): 


Q(\/^) ®Q H 

Zi 

^(Z2 + V^Z3) 
^(Z2 - V^Zs) 


^ Q(v^)xQ(^)xQ(yAi)^Q(^)(Z/3Z)* 

^ ( 1 , 0 , 0 ) 

^ ( 0 , 1 , 0 ) 

^ ( 0 , 0 , 1 ). 


3.8. Splitting algebras 


Let K be an AS H-module algebra and V a iP^il-modnle. The rank ikKiV) of the 
free iP-modnle V will be called the iP-rank; see Corollary 13.3.41 


Definition 3.8.1. Let K C L he an inclnsion of AS D-modnle algebras and V a K^D- 
module. We say that V splits in L/K, or L/iL is a splitting algebra for V iff there is 
an L^D-linear injection L ®k V ^ into some power of L. K{V) denotes the 
smallest AS D-modnle snbalgebra of L inclnding K and fiV) for all / G YioniK^Diy, L). 
If L = K{V) and V splits in L/iC, we say L/K is a minimal splitting algebra for V. 

Similarly to m Proposition 3.1], we have the following: 

Proposition 3.8.2. Let K G L be an inclusion of AS D-module algebras and V a KffD- 
module. 
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(i) If V splits in LjK, every KjfD-submodule ofV splits in LjK. 

(ii) IfV splits in LfK, it splits in K{V)/K. 

(iii) V splits in LjK iff the canonical L-module map 

(3.12) L®id Homx#D(^, L) L), 

has a dense image; in other words, the map 

(3.13) L (8)x ^ ^ Homj;^o(Hom^^£)(y, L), L), a ® v !—>■ [/!—>• a/(f)] 
is injective. 

Proof, (i) Since all i^T^^H-modules are free i^-modules, this follows immediately by the 
dehnition. 

(ii) If V splits in L/K, then the image of L ®k V ^ is in K{V)^ by the dehnition. 
Thus V splits in K{V)/K. 

(iii) Recall that Homx(V,T) has an LffD-modu\e structure by H-conjugation fl3.5p 
and the map fl3.12|) is necessarily injective by Corollary 13.1.41 

(“If’ part.) Since is a held, Homx#D(V,T) is a free L^-module. By taking a dual 
basis, we can identify HomiDfRomK^niV, L), L) with some power of L. Then the 
injective L-module map L <S)k V L), L) ^ L^ can be considered 

as an injective LjfD-module map. 

(“Only if’ part.) By the dehnition, there is an LffD-lineai injection ip : L ®k R —> L^ 
for some power L^. Let {/j}jgA C IIomx#ri(R, L) be the family of KffD-modxde maps 
induced by (p(l (8) n) = {fi{v))i^\ {v G V). Take an arbitrary element w = Yhj ® O ^ 
L ®K V- If the image of w by the map (I3.13p is 0, then we have CLjfii'^j) = 0 for all 
i E A and so (p{w) = 0 (y^ w = 0). Thus the map (13.131) is injective. □ 

Proposition 3.8.3. Let K G L be an inclusion of AS D-module algebras and V a KffD- 
module with finite K-rank rkj^(R) = r < oo. Then 

(3.14) dim^D HomA:^£)(I/, L) <r 
and the following are eguivalent: 

(a) V splits in LjK; 

(b) L Homx#D(R, L) L4 Hom^(R, L); 

(c) dim^D Ylom.K#D{V, L) = r; 

(d) There is an isomorphism L V as LffD-modules; 

(e) L®ld{L ®k V)^ ^ L®k V; 
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(f) dim^D(L V)^ = r; 

(g) There is an injective Ljj^D-module map L V ^ L"‘ for some integer n. 

Proof. The inequality (I3.14p follows since L (8)£,d }iomK#D(y, L) Honii^(l/,L) is an 
injective L^D-module map whose cokernel is a free L-module with finite rank. Then 
((a) (b) (c) (d)) follows from (the proof of) Proposition 13.8.21 fiiih ((d) (e) 

■<=> (f)) is easily seen, ((d) ^ (g) ^ (a)) is trivial. □ 

Lemma 3.8.4. Let K G L be an inclusion of AS D-module algebras, V a KffD-module, 
and W a KffD-submodule ofV with finite K-rank. IfV splits in L/K, then the restric¬ 
tion res. : Homx#D(l^, T) ^ Homx#D(lP,T) is surjective. 

Proof. Consider the following LjfD-modn\e map: 

ip -. L®ld Homx#D(P, L) Homx(lT, L), a® f ^ af\w- 

Notice that Im(y9 is a direct summand of Hom^c(lT,L) as an L-module. The transposed 
L-linear map of p is given by 

L ®K W ^ L ®K V Hom£D(Homx#D(l^, L), L), 

which is injective by Proposition 13.8.21 fiiih Thus p is surjective. Since the functor (—)^ 
is exact, we have that p^ = res. is surjective. □ 

We see that the functor <h preserves splitting algebras: 


Lemma 3.8.5. Let Gi C G, Ki C Li be as in Lemma \3.7.1\ Write <h = <hGi. Then, 
Li/Ki is a (minimal) splitting algebra for a Kiff D{Gi)-module Vi, iff^(Li)/d?(Ki) is a 
(minimal) splitting algebra for the ^{Ki)ffD-module <h(Vi)- 


Proof. This easily follows from Proposition I3.2.4I if one notices that 

^Ki{Vi)) = ^Ki)mVi)) 

to see the equivalence on minimality. □ 

Let iL C T be an inclusion of AS H-module algebras. For hnitely many elements 
ui,... ,Um in L, let K{ui, ... ,Um) denote the smallest AS H-module subalgebra in L 
including K and ui,..., Um- 


Definition 3.8.6. L/K is said to be finitely generated iff L is of the form K{ui ,..., Mm)- 
This is equivalent to that Li/Ki is finitely generated, where Ki = K/P n K, Li = L/P 
for an arbitrarily chosen P G Q{L). 
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Theorem 3.8.7. Let K G L be as above. Suppose . Then the following are 

equivalent: 

(a) LjK is a finitely generated PV extension; 

(b) LjK is a minimal splitting algebra for a cyclic KffD-module of finite K-rank; 

(c) LjK is a minimal splitting algebra for a KffD-module of finite K-rank; 

(d) L = K{xij), where X = {xifiij is a GLn-primitive in Kolchin’s sense [13] ; X G 
GLn(L), and for every d E D, {dX)X~^ G Mn{K) with dX = {dxifiij. 

Proof. We write k = (= L^). 

(a) ^ (b). By Lemmas 13.7.11 and 13.8.51 we may assume that iL is a field. Suppose 
that {L/K, A, H) is a finitely generated PV extension. By Proposition 13.7.41 we have a 
finitely generated PV extension {Li/K, Ai, H) of module fields over G := D{Gp) with 
P G kl{L), such that L = <h(Li), A = $(v4i). 

There exist those finitely many elements Ui,..., Um in A which span an if-subcomodule 
over fc, and satisfy L = K{ui, ..., Um)- (In fact, take some Xi,... ,xi G A which satisfy 
L = K{xi,... ,xi). Then there exists a finite dimensional i7-subcomodule U G A such 
that xi,... ,xi G U (see [29] (3.3)]). Choose ui,... ,Um which span U over k.) Set an 
element u = {ui,... ,Um) in A™, and let V = {KjfD)u, the cyclic iC^H-submodule 
generated by u. Since L v4 ~ L 0 ^ if, we see that L/iP is a minimal splitting algebra 
for A™, and hence for V. 

It remains to prove that the iP-dimension dimi^(V) is finite. It suffices to prove that 
the natural image V{P), say, of V under the projection A'^ —^ Af^ has a finite K- 
dimension, since V is naturally embedded into npen(L) ^(-^)- Let 5 ^ 1 ,..., be a system 
of representatives of the right cosets Gp\G. Then we have 

V = J2iKfiC)g,u. 

i=l 

Fix an i G {1,..., s}, and let w = (wi ,..., Wm) G Afi denote the natnral image of giU. It 
suffices to prove that W := {KffG)w has a finite iP-dimension. By re-numbering we have 
a /c-basis, wi,... ,Wr (r < m), of the fc-subspace in Ai spanned by wi,..., Wm- There is a 
rank r matrix T with entries in k, such that w = w'T with w' = {wi ,..., Wr). It suffices 
to prove that W' := {KffG)w' has a finite iP-dimension, since W ~ W under the right 
multiplication by T. 

Notice that for any g E G, gui,... ,gUm span an ii-snbcomodule in A since the co¬ 
module structure map 9 ■. A ^ A H is H-linear. It then follows that wi,... ,Wr form 
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a fc-basis of an -sub comodule in Ai. By applying Proposition 13.1.61 for wi,... ,Wr G Li, 
there exist r elements hi,..., hr & C such that {hi{wj))ij is an invertible matrix. We claim 
that {cw'){hi{wj))^J E for all c E C. If it follows, then W = Khi{w') + ■ ■ ■ + Khr{w') 
and hence we have dimi^- W < oo, as desired. 

Let 6i ■. Ai ^ Ai H be the comodule structure map associated to the PV extension 
Li/K. Write 

r 

= '^Ws<^k Zsj {Zsj E H, j = l,...,r). 

S =1 

By applying p-isomorphism Ai®k H ^ Ai ®k Ai in each side, we have 

r 

(3.15) 1 ®K Wj = ®K in Ai ®k ^i- 

Hence 

r 

1 ®K hi{wj) = '^{hi{ws) ®K ^)zsj = 1,... ,r), 

s=l 

i.e. 1 ®K {hi{wj))ij = {{hi{wj))ij ®k 1)2’ with Z = {zij)ij. Since {hi{wj))ij is invertible, 
we have 

2 = {{hi{wj))^j ®K 1)(1 ®K {hi{wj))ij) E GLr{Li ®k Li). 

On the other hand, recalling (13.151) we have 

1 ®K {cw') = ((cw') ®K 1)2 

for all c E C. Thus, by multiplying 1 ®K {hi{wj))G = Z ^{{hi{wj))G ®^ 1) from the 
right, 

1 ®K {cw'){hi{wj))~^ = {{cw') ®K l)ZZ~'^{{hi{wj))^] ®K 1) = {cw'){hi{wj))^] ®k 1 

for all c E C. This implies the claim above. 

(b) ^ (c). This is trivial. 

(c) (d). Suppose that LjK is a minimal splitting algebra for V with hnite iP-free 
basis ui,..., Vn. By Proposition 13.8.31 (c), we have a fc-basis /i,..., /„ in }lom.K#D{V, L). 
Dehne 

(3.16) X = {Xij)ij = {fj{Vi))ij, V = \vi,...,Vn). 

Then we have X E GLn{L) since there is an L-module isomorphism 

L'" cs L®kV L® Romk(RomK#D{V, L),L)cs L" 
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which is precisely the multiplication of X (see the proof of Proposition 13.8.2113.8.3p . If 
we write dvi = {cis{d) G K) for d E D, then we have dxij = fj{dvi) = 

J2^=i^is{d)fj{vs) = YTs=i^is{.d)xsj. This implies that X is GL„-primitive such that 

(3.17) {dX)X-^v = dv {dE D), 

i.e. {dX)X~^ = {cij{d))ij E Mn{K). By the dehnition, we have L = K{V) = K{xij). 

(d) ^ (a). This is shown by modifying [23, Example 2.5c] as follows. 

Put Y = {yij)ij = X~^ and A = K[xij, i/ij]. First we shall show that ^4 is a H-module 
subalgebra of L. Dehne 0 E Mn{K)) by (pd = d{X)X~^ = d{X)Y {d E D). 

Since (p~^ = Xg{Y) = g{g~^{X)X~^) E GLn{K) for all g E G, (p is convolution-invertible 
in }lomR{D, Mn{K)) by [23l Corollary 9.2.4]. We see that the ^jJ E Homij(Zl, M„(L)) 
given by 'tpd = Xd{Y), is the inverse of 0, and so ip E Hom/j(Zl, M„(iP)). This implies 
that A is a H-module subalgebra of L. Since Q{A), the total quotient ring of A, is an 
AS H-module subalgebra of L containing K and xn,... (recall Corollary 13. 3. Sh . we 

have Q{A) = K{xij) = L. 

Put 

Z = (Y 1)(1 X), Z ^ = (1 ®K Y){X 1) £ GLn{A A). 

For all d E D, 

d{z) = 5^(d(i)(y)®^i)(i®^d(2)(x)) 

id) 

= ®K 1)(1 ®K (pd^2)X) 

id) 

= ®K l)(t/’d(i) ®K 1)(1 ®K 0d(2))(l ®K X) 

(d) 

= ®K l)('0d(i) ®K l)(0d(2) ®K 1)(1 ®K X) 

id) 

= ®K l)(V’d(i)0d(2) ®K 1)(1 ®K X) 

id) 

= e{d)Z. 

Thus Z has entries in 77 := [A ®k A)^. Similarly we have that the entries in Z~^ are 
also in 77 and hence Z E GLn{H). Then, 

1 X = (77 ZiR ^)Z, 1 ®K Y = Z ^{Y ®K 1) £ GLn{A ■ 77). 

This implies A Z>k A = A ■ H. Therefore {L/K, A, 77) is a PV extension. □ 
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Remark 3.8.8. Keep the notation just as above. 

(i) Write Z = (%), Z~^ = (wij). Then A <Zk A = A[zij^ and H = 

k[zij^ det{zij)~^] = k[zij,Wij\. Taking p,, 6* as in Proposition 13.5.21 we see 


^ n \ 

^ Z)k Zsj I i^X . 


,s=l 




. s=l 




This is often written like 


(3.18) e{X)=X®kZ. 

It follows that the Hopf algebra structure of H is given by 

A{Z) = Z®kZ, s{Z) = I, S{Z) = Z-\ 

here I denotes the identity matrix; see [29l (3.2), Corollary]. We have a Hopf algebra 
surjection, 

k[GLn] = k[Tij, det(Tjj)“^] ^ H, Tij Zij, 
which gives a closed embedding G(L/K) —> GL„ of affine fc-group schemes. 

(ii) Suppose that D = R[t, r“^], the group algebra of the free abelian group of rank 1, 
and iC is a field; K is then an inversive difference field. A difference system ry = By with 
B G GLn{K) arises uniquely from a iP^H-module of iP-dimension n, together with its 
A-basis. We see from (13.171) that the X in (13.161) is a fundamental matrix [201 Definition 
1.4] for the difference system arising from the V and the v above, and so that A is the 
Picard-Vessiot ring [201 Definition 1.5] for the system. It will follow from Theorems 13.8.71 
13.8.111 that if k (= K^) is algebraically closed, a Picard-Vessiot ring for any difference 
system as above uniquely exists, and is given by such an A as above. 


Corollary 3.8.9. Let {L/K, A,H) he a PV extension of AS D-module algebras. The 
following are eguivalent: 

(a) LjK is finitely generated; 

(b) L is the total guotient ring of a finitely generated K-subalgebra in L; 

(c) A is finitely generated as a K-algebra; 

(d) H is finitely generated as a k-algehra. 

Proof, ((a) ^ (c) ^ (b) ^ (a)) and ((a) ^ (d)) follow by the proof of Theorem 13.8.71 If 
A is a hnitely generated fc-algebra, then we have an ascending chain condition for Hopf 
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ideals of H. Hence we have an ascending chain condition for intermediate AS D-modnle 
algebras of L/K, which implies (a). □ 

Corollary 3.8.10. Let K G L be an inclusion of AS D-module algebras such that = 
=: k. Then L/K is a PV extension iff it is a minimal splitting algebra for such a 
Kff D-module V that is a directed union, V = IJa^a? of KffD-submodules Vx of finite 
K-rank. 

Proof. This follows in the same way as m Corollary 3.5]. We inclnde the proof for 
convenience. 

(“Only if’ part.) Let {L/K, A, H) be a PV extension. Then if is a directed nnion of 
Hopf snbalgebras which are finitely generated /c-algebras (see [29l (3.3)]). It follows by 
Proposition 13.5.81 and Corollary 13.8.91 that L is a directed nnion, say L = of AS 

H-modnle snbalgebras which are finitely generated PV extensions over K. By Theorem 
13.8.71 each Lx/K is a minimal splitting algebra for a Kjf D-module Vx of finite if-rank. 
Then L/K is a. minimal splitting algebra for the direct snm V = 0;,^ Vx- 

(“If’ part.) Snppose that L/K is a minimal splitting algebra for a if^ii-module 
V = Vx, a directed nnion of if#ii-modnles Vx of hnite if-rank. Since every Vx splits 
in L/K, each Lx '■= if (La) is a minimal splitting algebra for Vx and is a finitely generated 
PV extension over if by Theorem 13.8.71 By Lemma 13.8.41 the nnion IJ^ Lx is a directed 
nnion of AS D-modnle snbalgebras of L. Tims (J;^ Lx is an AS D-module subalgebra of 
L by Lemma [3.3.71 For every / G VomK^oiV, L), we have f{V) = 1Ja/(^) Ua-^a- 
Hence L = K{V) = IJa-^a- Let Ax (resp. Hx) be the principal algebra (resp. the Hopf 
algebra) for Lx/K. Then one sees that {L/K, Ax, IJa -^a) is a PV extension. □ 

Theorem 3.8.11. Let if be an AS D-module algebra such that the field K^ of D- 
invariants is algebraically closed. Let V be a K/f D-module of finite K-rank. Then there 
exists an AS D-module algebra L including if such that K^ = L^, and L/K is a (nec¬ 
essarily finitely generated) minimal splitting algebra for V. Such an algebra is unigue up 
to D-linear isomorphism of K-algebras. 

To prove this, we need the following: 

Lemma 3.8.12. Let if be an AS D-module algebra. Let A be a simple D-module algebra, 
and let L = Q{A) be the total quotient ring of A; by Lemma \3. 3. 61 L is uniquely a D- 
module algebra. If A is finitely generated as a K-algebra, then L^/K^ is an algebraic 
extension of fields. 
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Proof. We follow Levelt [HI Appendix] for this proof. If x G then (A : x) = {a G 
A I ax G A} is a D-stable ideal. Since this contains a non-zero divisor, we have that 
(A : x) = A, and so . 

If A is hnitely generated, then it is noetherian. By Proposition 13.3.31 we may snppose 
that A' is a held (and A is a domain). If P C A is a maximal ideal, then the held A^ is 
included in the held A/P, which is algebraic over K. Therefore if x G A^, it is algebraic 
over K. Let (p(T) = T" -|- + ■ • • + Cn denote the minimal polynomial of x over K. 

Since for any d E D, e{d)T^ + ((ici)T”“^ -I — ■ -|- dcn has x as a root, each c* G by the 
minimality of (p{T). Thus x is algebraic over . □ 

Proof of Theorem \3.8.11[ Existence] this is proved by modifying the proof of [23 Theorem 

4.5] , as follows. Let xi,..., be a P-basis for V. For d E D, write 

r 

dvi = '^Cis{d)vs 

S =1 

with Cis{d) E K. Dehne a P-module algebra structure on K[Xij\, the polynomial K- 
algebra in indeterminates, by 

r 

Cis{d)Xsj {dED). 

S =1 

For each g E G, we see that {cij{g)) is an invertible matrix: {cij{g))~^ = {gcij{g~^)). 
Thus det{cij{g)) is invertible in K for each g E G, and the P-module algebra structure 
of K[Xij] is uniquely extended to P = K[Xij^det{Xij)~^] by Lemma [3.3.61 Let / be a 
maximal P-stable ideal of P, and put A = F/I. Since K is simple, / fl P = 0. Hence A 
is a noetherian simple P-module algebra including K. Let L be the total quotient ring 
of A; this is an AS P-module algebra by Proposition 13.3.31 and Lemma 13.3.61 By Lemma 
13.8.12[ we have . Let x^- denote the image of Xij in A, and dehne P-linear maps 

fj.V —>• L (j = 1,..., r) by /j(xj) = Xij. Then these maps are in HomK^niy, L), and 
are linearly independent over L^, since {xij)ij E GLr{L). Therefore, L/iF is a minimal 
splitting algebra for V by Lemma [3.8.31 (c). 

Uniqueness] also this proof is essentially the same as the proof given in [271 Theorem 

4.6] . Let Li/K and L 2 /K are two minimal splitting algebra for V such that Lf* = = 

= k. By Theorem 13.8.71 Li/K and L 2 IK are hnitely generated PV extensions. 
Let Ai be the principal algebra for LijK {i = 1,2) respectively. Put A = Ai ®k A 2 
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and let J be a maximal D-stable ideal of A. We see ^41,^42 are noetherian simple V- 
module algebras which are finitely generated ii"-algebras by the proof of Theorem 13.8.71 
(d) (a), and by Proposition 13.5.91 (i). Thus Ai n I = 0 (i = 1,2) and hence ^1,^42 

are identified with D-module subalgebras of A/1. Let L be the total quotient ring of 
A/1. By Lemma 13.3.61 and Proposition 13.3.31 L is an AS D-module algebra since A/1 
is a noetherian simple D-module algebra. Furthermore, since A/1 is a finitely generated 
A-algebra, we have = k hj Lemma 13.8.121 Let Xi ■ Li ^ L {i = 1, 2) 

denote the induced inclusions of H-module algebras over K. The injective fc-linear maps 
YloTdK^Diy, Li) —> Homx#D(4^5-h) {i = 1,2) are precisely isomorphisms by Proposition 
13.8.31 Therefore fiV) C xi{Li)(lx 2 {L 2 ) for all / G YloTHK^DiV, L). Since L* are generated 
over K by the image of all / G Y1ot!1k#d{V, Li), we have Xi(Li) = X 2 {,L 2 ) = K{V) in L. 
Thus we have X 2 ^ ° Xi ■ Li L 2 , a H-module algebra isomorphism over K. □ 

Let K be an AS H-module algebra. We have the iP^-abelian symmetric tensor category 
{k#dA4, K). Let V be an object in k#dA4 of finite A'-rank. Then the iP-linear dual 

V* := Homx(V, A') is a dual object under the H-conjugation; see (13.51) . Thus the tensor 
full subcategory x#DAffin consisting of the hnite A'-rank objects is rigid. Let {{1^}} 
denote the abelian, rigid tensor full subcategory of k#dA4 generated by V, that is, the 
smallest full subcategory containing V that is closed under subquotients, finite direct 
sums, tensor products and duals. Thus an object in {{Id}} is precisely a subquotient of 
some hnite direct sum Wi © • • • © Wr, where each Wi is the tensor product of some copies 
of V, V*] see Theorem 2.33] also for comparing with the following. 

Theorem 3.8.13. Let {L/K, A, H) be a finitely generated PV extension of AS D-module 
algebras. By Theorem \3.8.T\ we have such a Kff D-module V of finite K-rank for which 
LjK is a minimal splitting algebra. 

(i) Let W G {{Id}}. Regard the A ®k W as a right H-comodule with the structure 
induced by A. Then {A W)^ is an H-subcomodule with k-dimension rkx(lF). 

(ii) IF I—*• (A W)^ gives a k-linear eguivalence 

of symmetric tensor categories, where 0k, k) denotes the rigid symmetric 

tensor category of finite-dimensional right H-comodules; notice that this is isomorphic to 
the category RepQ^^./j^) of the same kind, consisting of finite-dimensional linear represen¬ 
tations of the PV group scheme G{L/K) = SpecAT. 
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Proof. Put Dk = D^nk, a cocommutative Hopf algebra over k, and consider Dk as a right 
77-comodule algebra with the trivial structure map <7 i—^ d (g) 1. Regard naturally A as an 
algebra in the symmetric tensor category , 0^, k) of right (77, 77^‘’)-Hopf modules 

(see [m §8.5]); its objects are 77fc-modules N which has a 77fc-linear, right 77-comodule 
structure pat : TV —> TV (8)^ 77. We then have the symmetric tensor category A^Dk-^^) 
of R-modules in , which is denoted by , <^a, A)] this is Tc-abelian. Dehne 

fc-linear functors 

a#dA4^ k#dA4 
=■1 -2 

by 

0i(17) = A^kU; 77 coacts codiagonally, 

Si(TV) = TV^, 

02(iV) = TV“^ (={neTV|p^(n) =n®fcl}), 

S 2 (hP) = A®kW] 77 coacts on R. 

We see that ©i and S 2 are symmetric tensor functors with the obvious tensor structures. 
Moreover by 1221, ©2 and S2 are quasi-inverses of each other, since A/K is 77-Galois 
by Proposition 13.5.21 (hi). Since A^ = fc, Si o ©1 is isomorphic to the identity functor. 
Suppose TV G a#dA4^. Since A is simple by Corollary 13.5.91 (i), we see from Corollary 
13.1.41 that the morphism in a#dAA.^ 

Pat: 0ioSi(Ar) = ^ N 

is an injection. Let M denote the full subcategory of a#dA4^ consisting of those TV for 
which pAf is an isomorphism. Since each 0i(7T) is in A/”, 0i gives an equivalence 

^ AT. 

Necessarily, Af is closed under tensor products, and this is an equivalence of symmetric 
tensor categories. 

Since A ®k R — R"" (n = rkA'(R)) in a#dA i, S 2 (R) = A <^k V G Af. We see that 0i 
is exact, and Af is closed under subquotients. Therefore for (ii), it suffices to prove that 

R:=SioS2(R) = {A (^K Vf 

generates AA^^. Let vi,... ,Vn be a TV-free basis of V, and dehne X, v as in (I3.16p . We 
see from fl3.17p that the entries in v := X~^ v (g {A R)") are 77-invariant, and 
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hence form a /c-basis in V. By fl3.18p . the if-comodnle structnre py : V ^ V 0k H on V 
is given by 

pyCv) = % 0k 

where * denotes the transpose of matrices. This means that the coefficient fc-space of V 
is the snbcoalgebra in H spanned by the entries Wij in ^Z~^. Since Wij together with the 
entries S{wij) in Z generate the fc-algebra H (see the proof of Theorem 13.8.71 (d) ^ (a)), 
V generates see [29l (3.5)]. This proves part (ii). 

If IT G {{Id}}, then E 2 {W) G Af, and so 

dimfc(A 0K W)^ = rk^(y4 0k W) = rkif(IT). 

This proves part (i). □ 


3.9. Liouville extensions 

Finally we define the notion of Lionville extensions and show the solvability theorem. 
As is described in Introdnction, we shonld define Liouville group schemes and study how 
strong the definition is. 

3.9.1. Liouville group schemes. 

Definition 3.9.1. Let G be an algebraic affine group scheme over a field k. 

(1) We say G is (k-)Liouville (cf. [T^ p. 374]) iff there exists a normal chain of closed 
subgroup schemes 

(3.19) G = Go > Gi > ■■■ > G^ = {1} 

such that each Gj_i/Gj (i = 1,..., r) is at least one of the following types: finite etale, a 
closed subgroup scheme of Ga, or a closed subgroup scheme of Gm. In this case, we call 
fl3.19p a Liouville normal chain (LNC). 

(2) In (13.191) . if each Gj_i/Gj is merely a closed subgroup scheme of Ga or a closed 
subgroup scheme of Gm, then we call it a restricted Liouville normal chain (RLNC). 

We use the following abbreviation of some types on group schemes which arise as 
factor group schemes in an LNC: we say G is of G^-type (resp., Gm-type) iff it is a closed 
subgroup scheme of Ga (resp., Gm), and a group scheme of RL-type (resp., L-type) means 
that it is of Ga-type or Gm-type (resp., RL-type or finite etale). 
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Lemma 3.9.2. (1) If G is Liouville (resp., has an RLNC), then every elosed subgroup 
scheme of G is Liouville (resp., has an RLNC). Especially G is Liouville iff the connected 
component G° is Liouville. 

(2) Let Li he a normal closed subgroup scheme of G. Then G is Liouville (resp., has 
an RLNC) iff both H and G/H are Liouville (resp., have an RLNC). 

(3) If G is connected Liouville, then G is solvable. 


Proof. First we take an LNC (resp., an RLNC): G = Gq [> Gi [> ■ ■ ■ > G^ = {1} in each 
proof of (1), “only if’ part of (2), and (3). 

(1) Let H be a closed subgroup scheme of G and put Hj ;= HflGj (f = 0, ..., r). Then 
we have Hq = H and Hj = Hj_ iflGj — Ker(Hj_i —> Gj_i/Gj) for i = 1,... ,r. It follows 
that Hj_i O Hj and Hj_]^/Hj is a closed subgroup scheme of Gj_i/Gj for i — 1,... ,r. 
Therefore H = Hq > Hi >■■■[> H,. = {1} is an LNC (resp., an RLNC). 

(2) (“Only if’ part.) H is Liouville (resp., has an RLNC) by (1). Put F* := Gj/HflGj 
(f = 0,... ,r). Each A;[Fj_i/Fj] is identihed with a Hopf subalgebra of A;[Gj_i/Gj], since 
the quotient morphism Gj_i —Fj_i —Fj_i/Fj goes through Gj_i ^ Gj_i/Gj; consider 
the following commutative diagram: 


{ 1 } 

{ 1 } 


G, -. G,_i -. G,_i/G, 


quotient 


quotient 


^quotient 


{1} (exact) 


Fj -> Fj_i -> Fj_i/Fj -> {1} (exact). 


Thus each Fj_i/Fj is of L-type (resp., RL-type) for i = 1,. .., r. Therefore G/H = Fq [> 
Fi [> ■ ■ ■ > Fr = {1} is an LNC (resp., an RLNC). 

(”If’ part.) Let G/H = Fq > Fi >■■■[> F^ = {1} be an LNC (resp., an RLNC) and 
(0) = Jo C Ji C ■ ■ ■ C Jr the corresponding sequence of Hopf ideals of A;[G/H]. Each 
li/Ii-i is the normal Hopf ideal of A;[Fj_i] = /c[G/H]//j_i corresponding to the Hopf 
subalgebra /c[Fj_i/Fj], and thus /j//j_i = /i;[Fj_i] ■ A;[Fj_i/Fj] + . If we put /' := k[G] ■ R 
{i = 0,... ,r), then each J' becomes a Hopf ideal of A;[G]. Let Gj be the closed subgroup 
scheme of G which corresponds to If Since /c[G] is a faithfully flat /c[G/H]-module, we 
have an inclusion 


A;[F,_i] = A;[G/H]//,_i k[G] ®,[g/h] (A;[G/H]//,_i) ~ k[G]/I'_, = k[G,_f 

for each i = l,...,r+l. Considering /j//j_i = /c[Fj_i]-A;[Fj_i/Fj]+ through this inclusion, 
we have that ![/I[_i = A;[Gj_i] ■ A;[Fi_i/Fj]’''. Hence we have a normal chain G = Gq [> 
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Gi > ■ ■ ■ > Gr = H such that Gi_i/Gi ~ Fj_i/Fj {i = Therefore G is 

Liouville (resp., has an RLNC). 

(3) We use induction on the least length r of LNC. The case r = 0 is clear. Let r > 0. 
Since G is connected, G/Gi is also connected. Then G/Gi is of RL-type and hence 
abelian. Therefore (see [29l (10.1)]) is a connected closed subgroup scheme of Gi. 
By (1) and its proof, ^G is connected Liouville and has an LNC with length < r — 1. 
Then ^G is solvable by inductive assumption, concluding the proof. □ 

The converse of (3) above does not hold in general: 

Example 3.9.3. (1) A nontrivial anisotropic torus T is connected solvable but not Liouville 
since both Hom(T, Gm) and Hom(T, Ga) are trivial. 

(2) Let k be the prime field of ch(A;) = 2 and H = k[x\/ + x) with x primitive. 
Then iL is a commutative Hopf algebra and G = Specif is abelian, finite etale, and 
unipotent. The Cartier dual G* is hnite connected of multiplicative type and hence solv¬ 
able. Since H* does not have any nontrivial grouplike, Hom(G*, Gm) is trivial. Therefore 
G* is not Liouville. 

Proposition 3.9.4. Let G be a connected algebraic affine group scheme over a field k. 
Then G is Liouville iff G has an RLNC. 

Proof. The “if’ part is clear. For the “only if’ part, we use induction on the least length r 
of LNC G = Go > Gi > ■ ■ ■ > Gj. = {!}. The case r = 0 is clear. Let r > 0 and assume 
G^ has an RLNC. By the argument in the proof of Lemma [3.9.21 (3), we have G > G^ 
and G/G^ is abelian. Thus the proof can be reduced to the case that G is connected 
abelian by Lemma [3.9.21 (2). 

Let G be connected abelian and put H = /c[G]. Let (= H^) be the irreducible 
component of H which contains 1 and Hg = H/HHf. Then we have the exact sequence 

(3.20) ifu H ^ Hg. 

Let k denote the algebraic closure of k. It is known that ®k k is also the irreducible 
component oi H ®kk containing 1. (Let (resp. f\f) denotes the wedge product of 
fc-subspaces (resp. fc-subspaces) of H (resp. H 0^ k) in the sense of [23l Ch. IX]. Then 
(if = U^o ~ ®kk = ifu ®k h.) The exact sequence fl3.20p splits 

over k (the Jordan decomposition of G^ [29l (9.5)]), and Gg := Specifg is connected 
of multiplicative type since {Gg)k is connected diagonalizable. Put Gu := Specifu (= 


70 








G/Gs); this is unipotent. We see Gu has an RLNC whose all factor group schemes are of 
Ga-type (see [29l Ch. 16, Ex. 5]). Then it suffices to show that Gg has an RLNC. Let T be 
a maximal torus of Gg. T includes no nontrivial anisotropic subtorus since it is Liouville. 
Hence, by [29l (7.4)], we see T is a split torus and has an RLNC. Put H = Gg/T; this is 
finite connected, Liouville, and of multiplicative type. Let H > Hi > ■ ■ ■ > H,. = {1} be 
an LNC. We see H/Hi is of Gm-type. Since H is finite connected, /c[H] is a local algebra 
of finite dimension. Then its quotient A; [Hi] is also a local algebra of finite dimension and 
hence Hi is connected. By inductive assumption. Hi has an RLNC. Therefore H also 
has an RLNC, concluding the proof. □ 

Proposition 3.9.5. Let k he an algebraically closed field and G an algebraic affine group 
scheme over k. Then G is Liouville iff G° is solvable. 

Proof. In fact we have proved the “only if’ part in Lemma 13.9.21 over an arbitrary field. 
For the “if’ part, we use induction on the least m such that ^’^G° = {1}. The case 
m = 0 is clear. Let m > 0 and assume that ^G° has an RLNC. By Lemma [3.9.21 (2), it 
suffices to show that G°/SiG° has an RLNC. Thus the proof can be reduced to the case 
that G is (connected) abelian. 

Let G be abelian and take the Jordan decomposition G = Gg x Gu. Gu has an RLNC. 
Since k is algebraically closed, Gg is diagonalizable and hence has an RLNC. Therefore 
G has an RLNC. □ 

As is seen in the following example, we see that the triangulability is certainly stronger 
than the condition to have an RLNC, even if k is algebraically closed. 

Example 3.9.6 ([29l Ch. 10, Ex. 3]). Let A: be a field with ch(A:) = 2 and G the closed 
subgroup scheme of SL 2 over k defined by the Hopf algebra 

A;[G] = fc[Xii, X 12 , X 21 , X22]/(XiiX22 + X 12 X 21 + 1, Xi^i + 1, + 1, Xlfi). 

Put / = (X 11 X 22 + X 12 X 21 + 1, Xfi + 1, XI 2 + 1, Xl^, X|i) C A:[Xii, X 12 , X 21 , X 22 ]. Since 
a/7 = (Xii + 1,X22 + l,Xi 2 ,X 2 i), we have A;[Xii, X 12 , X 21 , X 22 ]/a/T = k and hence G 
is finite connected. Let Hi = A:[G]/A;[G]X 2 i and Gi = SpecLAi. Then we have exact 
sequences 

k[cx2] = A;[X]/(X2) ^ A;[G] ^ Hi 

X H-> X 21 X 22 

and 

k[a2] ^ Hi ^ Hi/HiXi2c^k[iiffi 
X H->■ X 11 X 12 
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Thus G > Gi > /i 2 > {1} is an RLNC. Since 

kXii © kXi2 © kX2i © kX22 C 

is a 4-dimensional simple sub coalgebra, fc[G] is not pointed and hence G is not triangu- 

lable. 


It is known that G is unipotent iff G has an RLNC whose all factor group schemes 
are of Ga-type. We say that G is G^-composite iff G has an RLNC whose all factor 
group schemes are of Gm-type. When k is algebraically closed and G comes from the 
affine algebraic group G{k) (in the sense of |29l (4.5)]), G is Gm-composite iff G{k) is 
solvable and “quasicompact” in Kolchin’s terminology, which implies that each element 
of G{k) is semisimple [TTl §6, Theorem 2], In general it is difficult to characterize the 
condition to be Gm-composite. As is seen above, not all group schemes of multiplicative 
type are Gm-composite. On the other hand, non-diagonalizable group schemes can be 
Gm-composite; see the following example. 


Example 3.9.7. (1) Let k be the prime field with ch(fc) = p > 0 and take the commutative 
Hopf algebra H = k[x, v]/~ — x — y) with x, y primitive. One sees G = Specif is 

abelian, finite etale, and unipotent. Hence the Cartier dual G* is of multiplicative type 
and connected. We have the RLNC of G: 

k[x\/{x^ — x) ^ H ^ k[y]/{y^ — y). 

By dualizing this we see that G* is Gm-composite: 

k[ixp] «- if* ^ k[yp]- 

The grouplikes of if* is given by 

Coalgfc(/c, ff*) ~ Algfc(if, /c) = {(a, 6) e I — a = 0, If — a —b = Q}. 

Thus we have G* is not diagonalizable since p^ = dim?; if* ^ p = #Alg^(if, k). 

(2) [121 §2, Remark 2]. Let k be an infinite field of arbitrary characteristic. Let G be 
the closed subgroup scheme of GL 2 over k defined by the Hopf algebra 


k[G] = fc[Xn,Xi2,X2i,X22,l/(XnX22 -Xi2X2i)]/(XnXi2,Xi2X22,XnX2i,X2iX22). 

Since G{k) can not be simultaneously diagonalized, G is not diagonalizable (see 
(4.6)]). We see ttoG = Z/2Z. Indeed, 7ro(A:[G]) = keo © kei where 

^11X22 X12X21 


eo = 


XttX 22 — X12X21 


Cl = 


XiiX 22 — X12X21 
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Let Hi = k[G\/k[G]Xi 2 X 2 i, H 2 = Hi/Hi{XiiX 22 - 1), and = Specifi = 1,2). 
Then we have exact seqnences 

k{Z/2Zy ^ k[G] Hi 

and 

k[G^] = k[X,X-^] ^ Hi ^ H2-k[G^]. 

X ^ X 11 X 22 

Thus G > Gi > G 2 > {1} is an LNC. If ch(A;) 7 ^ 2, then Z/2Z ~ ^2 and hence G is 
Gin-composite. 

3.9.2. Finite etale extensions. In what follows, we always assume that L/K is an 
extension of AS H-module algebras such that =: k. 

Definition 3.9.8. We say that L/K is a. finite etale extension iff L is a separable K- 
algebra in the sense of [7], i.e. L is a projective L T-module. 

For a commutative iF-algebra A, let 7 ro(A) denote the union of all separable K- 
subalgebras. If we take a maximal ideal P of L and put L' = L/P and K' = K/P (1 K, 
then the following are equivalent: 

• L/K is a hnite etale extension. 

• L is a hnitely generated P-algebra and 7 ro(L) = L. 

• L'/K' is a hnite separable held extension. 

Take a maximal ideal p of K. We say a hnite etale extension L/K is copied (resp., 
anticopied) ih V = K' (resp., pL is a maximal ideal of L); this condition is independent 
of the choice of P (resp., p). 

Lemma 3.9.9. Let {L/K, A, H) be a finitely generated PV extension. 

(1) ( 7 ro(A)/A', 7 ro(A), 7io{H)) is also a PV extension and hence 7 ro(A) is the intermediate 
AS D-module algebra which corresponds to G{L/K)°. 

(2) 7ro(A) = 7ro(L). 

Especially L/K is a finite etale extension iff G{L/K) is finite etale. 

Proof. (1) The //-isomorphism A H ^ A 0^ A restricts to an algebra isomorphism 
7 ro(A) 7ro(P) ^ 7 ro(A) 7 ro(A). Hence 9~^{A 0 ^ 71q{H)) = 7 ro(A); this implies that 
( 7 ro(A)/A', 7 ro(A), 7 ro(P)) is a PV extension by Proposition 13.5.81 

(2) By Proposition I3.7.4[ we may assume that iP is a held and A is an integral do¬ 
main. Put M = 7 ro(A). It suffices to show that M is separably closed in L. Write 
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Hq = H/Ht[q{H)^. Then we have an algebra isomorphism L Hq ^ L ®m A since 
{L/M, A, Hq) is a PV extension by Proposition I3.5.71 By [29l (6.6)], (L (8)^ iPo)/iiihadical 
is an integral domain. It follows that (L -^)/iiilradical is also an integral domain since 
it is a localization of {L A)/nilradical by a multiplicative subset not containing zero. 
Thus L L has no nontrivial idempotent. This implies that M is separably closed in 
L. Indeed, let S be an intermediate held of L/M such that S/M is hnite separable. If 
e G S®mS (c L®mL) is a separability idempotent for S (see [TJ p. 40]), then necessarily 
6 = 1®!. Let J := Ker(mult : S S ^ S). Then 0 = Je = J. Hence a®l — l®a = 0 
in S ®M S for all a ^ S. This implies S = M. □ 

Corollary 3.9.10. Let L/K he a finitely generated PV extension. Then G{L/K) is 
connected iff tiq^L) = K. 

Let be a hnite group and put H = {k^*. Consider Dk = D fc as a right H- 
comodule algebra with the trivial structure map d i—> d® 1. We say L/K is a ^-extension 
iS 

(i) L is an algebra in the symmetric tensor category k), and 

(ii) L/K is a right id-Galois extension. 

Here denotes the category of right (id, dl^^)-Hopf modules as in the proof of 

Theorem 13.8.131 We easily see that L/K is a ^^-extension ih (L/iP, L, (fci^*) is a PV 
extension. If L/K is an anticopied i^-extension, then L'/K' is a Galois extension of 
helds in ordinary sense such that Ga\{L'/K') = Gonversely, when L/K is a hnite 
Galois extension of helds, L/K is a Gal(L/iC)-extension ih every element of Ga\{L/K) 
is Zl-hnear. 

3.9.3. Ga-primitive extensions and Gm-primitive extensions. 

Definition 3.9.11. (1) An x G L is called Ga-primitive over K ih d(x) G K for all 
d G . In this case, we say that K{x) /K is a Ga-primitive extension. 

(2) An X G L is called Gy^-primitive over dP ih x is a non-zero divisor of L and 
d(x)x“^ G K for all d E D. In this case, we say that K{x)/K is a Gya-primitive extension. 

As in [23, (2.5a), (2.5b)], we have the following lemmas: 

Lemma 3.9.12. (1) Let K{x)/K be a Ga-primitive extension. Put A = K[x] and I = 
1 Gk X — X ®K 1 G (A ®K . Then {K{x)/K, A, k[l]) is a PV extension with I primitive 
and the PV group scheme G{K{x)/K) of Ga-type. 
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( 2 ) Let K{x)/K be a G ^-primitive extension. Put A = K[x, x and g = x ^ ®k x G 
{A®k A)^ . Then {K{x) / K, A,k\g, g~^]) is a PV extension with g grouplike and the PV 
group scheme G{K{x)/K) of Gm-type. 

Proof. (1) X is Ga-primitive iff there exists a (p G Homij(Zi), K) such that d{x) = e{d)x + 
(p{d) for all h G -D. Then 

^^={1 

is GL 2 -primitive over K. In fact, 

Recalling the proof of Theorem 13.8.71 (d) ^ (a), we see 

Z = {X-^®kI){1®kX)=(^^J^ 1+^)’ 
which concludes the proof. 

( 2 ) This is equivalent to saying that x is GLi-primitive over K. □ 

Lemma 3.9.13. (1) If I E {L ®k L)^ and if I is primitive in the L-coring L ®k L, then 
there exists an x E L such that I = 1 ®k x — x ®k 1 o,nd x is Gg^-primitive over K. 

( 2 ) If g E {L ®K L)^ and if g is grouplike in L ®k L, then there exists a non-zero 
divisor x E L such that g = x~^ ®k x and x is G^-primitive over K. 

Proof. (1) Primitive elements in the L-coring L ®k L are precisely 1-cocycles in the 
Amitsur complex: 

O^L^L®kL^L®kL®kL^---, 
do(x) = 1 ®x X — X ®K 1, 

®K Vi) = <^K Xi ®K Vi - '^Xi ®K y^Xj l/i 1, • • • , 

whose n-th cohomology is H^{L/K, Ga). But H^{L/K, Ga) = 0 since L/K is & faithfully 
flat extension (see [ 29 l Ch. 17, Ex. 10]). Then I E Ker(5i = Im5o and hence there exists 
some X E L such that I = 1 ®k x — x ®k 1- Since dl = e{d)l for all d E D, we have 
{dx) ®K 1 = 1 ®K {dx) for all d E D+. This implies dx E K for all d E D+. 
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(2) Grouplike elements in L L are precisely 1-cocycles in the complex: 

{1} ^ G„,(L) ^ G„,(L L) ^ G^{L ®kL®kL)^--- , 

= (1 ®K x){x ®K 1)“^ = ®K X, 

<^K Vi) = (^1 <^K Xi ®K yi)(y^Xi ®K 1 ®K yi)~^(y^Xi ®K yi 1), • • • , 

whose n-th cohomology is Gm)- But H^{L/K^G^a) = Pic(L/i^) C Pic(iP) = 

{1} since iP is a hnite product of helds. Then g G Ker^i = Im^o and hence there exists 
some X G Gm(-h) such that g = x~^ ®k x. Since dg = e{d)g, we have 

1 ®K dx = d(l ®K x) = d{{x ®K 1 ) 5 ') = d{x)x~^ ®k x 

for all d E D. By multiplying 1 ®k x~^, we have 1 ®k d{x)x~^ = d{x)x~^ ®k 1 for all 
d E D, which implies d{x)x~^ E K for all d E D. □ 

Proposition 3.9.14. LjK is a Ga,-primitive (resp., Gm-pidmitive) extension iff L/K is 
a PV extension and G{L/K) is of Ga.-type (resp., Gui-type). 

Proof. (“Only if’ part.) This has been proved in Lemma [3.9.121 

(“If’ part.) Let k\l] (resp., k[g,g~^]) be the Hopf algebra for LfK. By Lemma 13.9.131 
there exists the corresponding x E L. Then K{x) is an intermediate AS H-module algebra 
oi L/K such that K{x)/K is a PV extension. Since the Hopf algebras of K{x)/K and 
L/K coincide, we have L = K{x). □ 

3.9.4. The solvability theorem. 

Definition 3.9.15. Let F/K he a. hnitely generated extension of AS D-module algebras. 
We call F/K a Liouville extension iff F^ = K^ = k and there exists a sequence of AS 
D-module algebras 

(3.21) K = Fo C Fi C ■ ■ ■ C Fr = F 

such that each (z = 1,..., r) is at least one of the following types: Ga-primitive 

extension, Gm-primitive extension, or hnite etale extension. In this case, the sequence 
(I3.2ip is called a Liouville chain. Moreover, F/K is called a Liouville extension of type 
(j) {j = 1,..., 10) iS F/K has a Liouville chain (13.2111 such that each extension Fi/Fi^i 
(z = l,...,r) is 

(1) Ga-primitive, Gm-primitive, or hnite etale, 

(2) Ga-primitive or Gm-priniitive, 

(3) Gm-primitive or hnite etale. 
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(4) Ga-primitive or finite etale, 

(5) Ga-primitive or a i^-extension for a finite solvable gronp 

(6) Gm-primitive, 

(7) Ga-primitive, 

(8) finite etale, 

(9) a i^-extension for a finite solvable gronp 

(10) trivial (i.e. Fi = -Fi_i), 

respectively. Here we are taking priority of the compatibility with [Til §24]. We observe 
an anticopied i^-extension for a hnite solvable gronp i^is identihed with a Galois extension 
by radicals and is also a Lionville extension of type (6). 

To show the solvability theorem, we need the following lemma (cf. [TTl §21]). 

Lemma 3.9.16. Let LjK be a finitely generated PV extension and F an AS D-module 
algebra including L such that F^ = = k. Take one t & F. Then L{t)/K{t) is a 

finitely generated PV extension and G{L{t)/Kif)) ~ G{L/K{t) fl L). 

Proof. By Theorem 13.8.71 there exists a GL^-primitive X = {xij) G GLn{L) over K 
snch that L = K{xij). Since L{t) = K{t,Xij), we have that Lit)/Kit) is a hnitely 
generated PV extension. Write M = K{t) Ci L, Z = G)m 1)(1 X) = (%), 

and Z~^ = {wij). Then H = k[zij,Wij\ becomes the Hopf algebra for L/M. Similarly 
by writing Z' = ®K{t) 1)(1 ®K{t) X) = (zh), and {Z')~^ = {wh), we obtain the 

Hopf algebra H' = k[z)pw[j\ for L{t)/K{t). It follows that there exists a snrjective Hopf 
algebra map (p : 77 -» H', Zij h-> zh. This implies that G(L(t)/iP(t)) is a closed snbgronp 
scheme of G{L/M). Let I = Ker^? be the corresponding Hopf ideal. 

ip is the restriction (to H) of the natnral map fi : L ®m L —> L{t) ®K(t) Lft). Since the 
coideal / ■ (L ®m L) of L ®m L, which corresponds to I, is inclnded in Ker(p, we have 
{a e L \ oGmI—G F{L®mL)} C {a G L | oGmI—IGimo G Keifi} = LniP(t) = M. 
This implies that the intermediate AS H-module algebra oi L/M which corresponds to I 
is M. Thns J = 0. □ 

Theorem 3.9.17. Let L/K be a finitely generated PV extension. Then the following are 
eguivalent: 

(a) L/K is a Liouville extension. 

(b) There exists a Liouville extension F/K such that L <Z F. 
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(c) G{L/K) is Liouville. 

When k is algebraically closed, these are equivalent to: 

(d) G{L/K)° is solvable. 

Proof, ((a) ^ (b)) This is clear. 

((b) (c)) Take a Liouville chain of F/K: 

K = Fq <Z Fi d ■ ■ ■ <Z Fr = F. 

We use induction on r. The case r = 0 is obvious. Let r > 0. Since there are hnite 
ti,... ,ts G F such that Fi = K{ti,... ,ts), we have that L{ti,... ,ts)/Fi is a hnitely 
generated PV extension and G(L(ti,... ,ts)/Fi) ~ G{L/Fi fl L) by Lemma [3.9.161 By 
the inductive assumption, G{L/Fi fl L) is Liouville. 

If Fi/iL is a hnite etale extension, then Fi fl L C vro(L). Hence we have G{L/FiCi L) D 
G(L/7ro(L)) = G{L/Ky (LemmaEUD- Thus, G(L/FinL)° = G(L/iL)° and hence (c) 
holds by Lemma 13.9.21 (1). 

If Fi/iL is a Ga-primitive extension, then there exists a Ga-primitive x & Fi such that 
Fl = K{x). Write Li = Fi fl L. One sees that Li/K is also a Ga-primitive extension 
(see [271 (2.9a)]). Hence G{L/K) > G(F/Fi) and G{L/K)/G{L/Li) = G{Li/K) is of 
Ga-type. Therefore (c) holds. 

If Fl/K is a Grn-primitive extension, then there exists a Gm-primitive a; G Fi such that 
Fl = K{x). Write Fi = Fi fl L. One sees that Li/K is also a Gm-primitive extension 
(see [271 (2.9b)]). Then we obtain (c) in the same way to the above. 

((c) (a)) Let G{L/K) = Go > Gi > ■ ■ ■ > G,. = {1} be an LNC and Fj (i = 0,..., r) 

the intermediate AS F-module algebra which corresponds to Gj. Then by Lemma [3.9.91 
and by Proposition 13.9.141 iP = Fq C Fi C ■ ■ ■ C F^ = F is a Liouville chain. □ 

By Proposition 13.9.41 we have the following. 

Corollary 3.9.18. Let L/K be a finitely generated PV extension. If L/K is a Liouville 
extension, then there exists a Liouville chain 

F = Fo C 7ro(F) = Fi C F 2 C ... C F^ = F 

such that each Li/Li^i (i = 2,... ,r) is G^-primitive or Ga-primitive extension. 

Corollary 3.9.19. Let L/K be a finitely generated PV extension. Then L/K is (included 
in) a Liouville extension of type (j) (j = 1,... ,W) iff 
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(1) G{L/K) is Liouville, 

(2) G{L/K) has an RING, 

(3) G{L/Ky IS G ^-composite, 

(4) G{L/K)° is unipotent, 

(5) 'KqG^L/K) is finite constant and solvable, and G{L/K)° is unipotent, 

(6) G{L/K) %s G composite, 

(7) G(L/K) is unipotent, 

(8) G{LIK) is finite etale, 

(9) G{L/K) is finite constant and solvable, 

(10) G{L/K) is trivial, 

respectively. 

This corollary can become more explicit when is a perfect held and k is algebraically 
closed. In snch a case, if {L/K, A, H) is a hnitely generated PV extension, then A A 
is rednced (see [29l Ch. 6, Ex. 2]), and so H is rednced. Thns G{L/K) corresponds to 
the affine algebraic gronp G{L/K){k) = Ant^j,A'-alg(-^) in Ihe sense of [29l (4.5)]. There 
we can do the following replacement on condition abont G{L/K): 

(1) G{L/K)° is solvable (y^ G{L/K)° is triangnlable), 

(2) G{L/K) is solvable, 

(3) G{L/K)° is diagonalizable, 

(4) G{L/K)° is nnipotent, 

(5) G{L/K) is solvable and G{L/K)° is nnipotent, 

(6) G{L/K){k) is solvable and quasicompact (in Kolchin’s sense), 

(7) G{L/K) is unipotent, 

(8) G{L/K) is hnite constant, 

(9) G{L/K) is hnite constant and solvable, 

(10) G{L/K) is trivial. 
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